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Global hyperbolicity of renormalization 
for C r unimodal mappings 

By Edson de Faria*, Welington de Melo** and Alberto Pinto*** 

Abstract 

In this paper we extend M. Lyubich's recent results on the global hyper- 
bolicity of renormalization of quadratic-like germs to the space of C r unimodal 
maps with quadratic critical point. We show that in this space the bounded- 
type limit sets of the renormalization operator have an invariant hyperbolic 
structure provided r > 2 + a with a close to one. As an intermediate step be- 
tween Lyubich's results and ours, we prove that the renormalization operator 
is hyperbolic in a Banach space of real analytic maps. We construct the lo- 
cal stable manifolds and prove that they form a continuous lamination whose 
leaves are C 1 codimension one, Banach submanifolds of the ambient space, 
and whose holonomy is C 1+ ^ for some (3 > 0. We also prove that the global 
stable sets are C 1 immersed (codimension one) submanifolds as well, provided 
r > 3 + a with a close to one. As a corollary, we deduce that in generic, one- 
parameter families of C r unimodal maps, the set of parameters corresponding 
to infinitely renormalizable maps of bounded combinatorial type is a Cantor 
set with Hausdorff dimension less than one. 1 
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1. Introduction 

In 1978, M. Feigenbaum [10] and independently P. Coullet and C. Tresser 
[4] made a startling discovery concerning certain rigidity properties in one- 
dimensional dynamics. While analysing the transition between simple and 
"chaotic" dynamical behavior in "typical" one-parameter families of unimodal 
maps - such as the quadratic family x i— > Ax(l — x) — they recorded the 
parameter values A n at which successive period-doubling bifurcations occurred 
in the family and found a remarkable universal scaling law, namely 

A " ~ Xn ^ -> 4.669... . 

They also found universal scalings within the geometry of the post-critical set 
of the limiting map corresponding to the parameter Aoo = hm A n (cf. the work 
of E. Vul, Ya. Sinai and K. Khanin [29]). In an attempt to explain these 
phenomena, they introduced a certain nonlinear operator acting on the space 
of unimodal maps - the so-called period doubling operator. They conjectured 
that the period-doubling operator has a unique fixed point which is hyperbolic 
with a one-dimensional unstable direction. They also conjectured that the 
universal constants they found in their experiments are the eigenvalues of the 
derivative of the operator at the fixed point. 

A few years later (1982) this conjecture was confirmed by O. Lanford 
[18] through a computer assisted proof. Working in a cleverly defined Banach 
space of real analytic maps and using rigorous numerical analysis on the com- 
puter, Lanford established at once the existence and hyperbolicity of the fixed 
point of the period-doubling operator. Subsequent work by M. Campanino and 
H. Epstein [2] (also Campanino et al. [3] and Epstein [9]) established the ex- 
istence (but neither uniqueness nor hyperbolicity) of the fixed point without 
essential help from the computer. 

It was soon realized by Lanford and others that the period-doubling op- 
erator was just a restriction of another operator acting on the space of uni- 
modal maps - the renormalization operator - whose dynamical behavior is 
much richer. The hopes were high that the iterates of this operator would 
reveal the small scale geometric properties of the critical orbits of many inter- 
esting one-dimensional systems. Hence, the initial conjecture was generalized 
to the following. 

Renormalization Conjecture. The limit set of the renormalization 
operator in the space of maps of bounded combinatorial type is a hyperbolic 
Cantor set where the operator acts as the full shift in a finite number of symbols. 

(For a precise formulation of what is meant by bounded combinatorial 
type, see §2.2 below.) 
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In the path towards a proof of this conjecture, several new ideas were 
developed in the last 20 years by a number of mathematicians, especially 
D. Sullivan, C. McMullen and M. Lyubich. Among the deepest in Dynam- 
ical Systems, these ideas have the complex dynamics of quadratic-like maps 
(in the sense of Douady and Hubbard [6]) as a common thread. Sullivan proved 
in [28] that all limits of renormalization are quadratic-like maps with a definite 
modulus. Then, constructing certain Teichmiiller spaces from quadratic-like 
maps and using a substitute of Schwarz's lemma in these spaces, Sullivan es- 
tablished the existence of horseshoe-like limit sets for renormalization. Later, 
using a different approach based on Mostow rigidity, McMullen [23] gave an- 
other proof of this result and went further by showing that the convergence 
(in the C° sense) towards the limit set is exponential. 

The final breakthrough came with the work of Lyubich [20] . He endowed 
the space of germs of quadratic-like maps (modulo affine conjugacies) with a 
very subtle complex structure, showing that the renormalization operator is 
complex-analytic with respect to such a structure. In Lyubich's space, the 
stable sets of maps in the limit set of renormalization coincide with the very 
hybrid classes of such maps, and inherit a natural structure making them (com- 
plex codimension one) analytic submanifolds. Combining McMullen's rigidity 
of towers with Schwarz's lemma in Banach spaces, Lyubich proved exponential 
contraction along such stable leaves. To obtain expansion in the transversal 
directions to such leaves at points of the limit set, Lyubich argued by contra- 
diction: if expansion fails, then one can find a map in the limit set whose orbit 
under renormalization is slowly shadowed by another orbit (the small orbits 
theorem, page 323 of [20]). This however contradicts another theorem of his, 
namely the combinatorial rigidity theorem of [21]. It follows that the limit set 
is indeed hyperbolic in the space of germs. Based on this result of Lyubich and 
using the real and complex bounds given by Sullivan, we prove in Theorem 2.4 
that the attractor (for bounded combinatorics) is hyperbolic in a Banach space 
of real analytic maps. 

In the present paper, we give the last step in the proof of the above renor- 
malization conjecture in the (much larger) space of C r smooth unimodal maps 
with r sufficiently large. The very formulation of the conjecture in this setting 
requires some care, because the renormalization operator is not differentiable 
in C r . For the correct formulation, see Theorem 2.5 below. To prove the 
conjecture, we combine Theorem 2.4 with some nonlinear functional analysis 
inspired by the work of A. Davie [5]. In that work, Davie constructs the stable 

manifold of the fixed point of the period doubling operator in the space of 
C 2+e 

maps "by hand" , showing it to be a C 1 codimension-one submanifold of 
the ambient space, even though the operator is not differentiable. To do this, 
he first extends the hyperbolic splitting of the derivative at the fixed point 
from Lanford's Banach space of real-analytic maps to the larger space of C 2+e 
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maps (to which the derivative extends as a bounded linear operator). This 
gives him an extended codimension-one stable subspace in C 2+£ to work with, 
and he views the local stable set in C 2+£ as the graph of a function over the 
extended stable subspace. In attempting to prove that such function is C 1 , 
he goes around the inherent loss of differentiability of renormalization by first 
noting that the local unstable manifold coming from Lanford's theorem is still 
there (and is still smooth in C 2+£ ) and then showing that there is afterall a 
contraction in C 2+£ towards that unstable manifold, whose elements are an- 
alytic maps. Thus, the loss of differentiability is somehow compensated by 
the contraction towards the unstable manifold. Davie's crucial estimates show 
that the renormalization operator in C 2+£ is sufficiently well-approximated by 
the extension of its derivative in Lanford's space to a bounded linear operator 
in C 2+£ . 

Our approach is based on the idea that whatever Davie can do with 
Lanford's Banach space relative to the fixed point, we can do with the 
Banach space obtained in Theorem 2.4 relative to the whole limit set. There is 
one fundamental difference, however. The linear and nonlinear estimates car- 
ried out by Davie rely on the special fact that the period-doubling fixed point 
is concave. This allows him to prove his main theorems in C 2+£ for all e > 0. 
By contrast, we cannot - and do not - rely on any such convexity assumptions. 
We derive our estimates (in §5 and §8) directly from the geometric properties 
of the postcritical set of maps in the limit set (these properties - proved in §5.2 
- are a consequence of the real a priori bounds). As a result, our local stable 
manifold theorem in C r requires r > 2 + a with a close to one. 

We go beyond the conjecture in at least three respects. First, we show that 
the local stable manifolds form a C° lamination whose holonomy is C 1+ @ for 
some (3 > 0. In particular, every smooth curve which is transversal to such a 
lamination intersects it at a set of constant Hausdorff dimension less than one. 
Second, we prove that the global stable sets are C 1 (immersed) codimension- 
one submanifolds in C r provided r > 3 + a with a close to one (we globalize 
the local stable manifolds via the implicit function theorem, hence the further 
loss of one degree of differentiability). Third, we prove that in an open and 
dense set of C k one-parameter families of C r unimodal maps (for any k > 2), 
each family intersects the global stable lamination transversally at a Cantor 
set of parameters and the small-scale geometry of this intersection is the same 
for all nearby families. In particular, its Hausdorff dimension is strictly smaller 
than one. 

In the path towards these results, we have made an attempt to abstract 
out the more general features of the renormalization operator in the form of 
a few properties or "axioms" - the notion of a robust operator introduced in 
Section 6. We prove a general local stable manifold theorem for robust oper- 
ators there. It is our hope that this might be useful in other renormalization 
problems, for example in the case of critical circle maps (see [7] and [8]). 
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2. Preliminaries and statements of results 

In this section, we introduce the basic notions of the theory of renormal- 
ization of unimodal maps. Then we state Sullivan's theorem on the existence 
of topological limit sets for the renormalization operator, the exponential con- 
vergence results of McMullen, and Lyubich's theorem showing the full hyper- 
bolicity of such limit sets in the space of germs of quadratic-like maps. Finally, 
we state our main results extending Lyubich's hyperbolicity theorem to the 
space of C r unimodal maps with r sufficiently large. 

2.1. Quadratic unimodal maps. We describe here two types of ambient 
spaces of C r unimodal maps. These will be determined by two families of 
Banach spaces, denoted A r and B r . 

2.1.1. The Banach spaces A r . Let / = [-1, 1] and for all r > let C r {I) 
be the Banach space of C r real-valued functions on I. Here r can be either a 
nonnegative real number, say r = k + a with k G N and < a < 1, in which 
case C r (I) is the space of C k functions whose k th derivative is a-H61der, or else 
r = k + Lip, in which case C r (I) means the space of C k functions whose k th 
derivative is Lipschitz (so whenever we say that r is not an integer, we include 
the Lipschitz cases). Let us denote by A r the space C^{I) consisting of all C r 
functions on I which are even and vanish at the origin, in other words 

A r = {v e C r {I) : v is even and u(0) = 0} . 

Then A r is a closed linear subspace of C r (I) and therefore also a Banach space 
under the C r norm. Now, for each r > 2, define 

IT C 1+A r c C r {I) 

to be the set of all maps / : I — > / of the form fix) = 1 + v(x), where v6A r 
satisfies v"(0) < 0, which are unimodal. Then U r is a Banach manifold; indeed 
it is an open subset of the affine space 1 + A r . Note that for all / G U r the 
tangent space TfW is naturally identified with A r . The elements of U r are 
called C r unimodal maps with a quadratic critical point. 

2.1.2. The Banach spaces M r . We define B r to be the space of functions 
v : I — > M. of the form v = if o q where q{x) = x 2 and (p £ C r ([0, 1]) vanishes 
at the origin. The norm of v in this space is given by the C r norm of (p. This 
makes B r into a Banach space. Note that for each s < r the inclusion map 
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j : B r — > A s is linear and continuous (hence C 1 ). Now, for each r > 1, let 

V C 1 + B r 

be the open subset of the affine space 1 + B r consisting of those / = (j)oq such 
that 4>([0,1}) C (-1,1], 0(0) = 1 and 4>'{x) < for all < x < 1. Just as 
before, V r is a Banach manifold. Note that each / G V r is a unimodal map 
belonging to IP" when r > 2. Moreover, the inclusion of V r in U r is strict (for 
each r > 2). 

2.2. The renormalization operator. A map / € IP" is said to be renormal- 
izable if there exist p = p(f) > 1 and A = A(/) = f p (0) such that / p |[— |A|, |A|] 
is unimodal and maps [— |A|, |A|] into itself. In this case, with the smallest 
possible value of p, the map Rf : [—1, 1] — > [—1, 1] given by 

(2.2.1) Rf(x) = jf p (Xx) 

is called the first renormalization of /. We have Rf € IP". The intervals 
f 3 {[~ |A|, |A|]), for < j < p — 1, are pairwise disjoint and their relative order 
inside [—1, 1] determines a unimodal permutation 6 of {0, 1, . . . ,p — 1}. The 
set of all unimodal permutations is denoted P. The set of / G IP" that are 
renormalizable with the same unimodal permutation <G P is a connected 
subset of IT denoted W 9 . Hence we have an operator 

(2.2.2) R : \J V r e ^ IT , 

6>gP 

the so-called renormalization operator. 

Now let us fix a finite subset G C P. Given an infinite sequence of 
unimodal permutations 0q, 9±, . . . , 9 n , ■ ■ ■ £ G, write 

and define 

^ U • 

The maps in T>q are infinitely renormalizable maps with (bounded) combina- 
torics belonging to G. Note that R(T>q) C V^; in fact, 

(2.2.3) WAr^K^Ar.W-- 

We note that if / is a renormalizable map in V r , then R(f) belongs to 
V r also. Hence, taking Yg = W e H V r , the restriction of the renormalization 
operator 

(2.2.4) R : \J Y'g -> V r 

6»GP 

is well-defined. 
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2.3. The limit sets of renormalization. In [28], Sullivan established the ex- 
istence of horseshoe-like invariant sets for the renormalization operator, show- 
ing that they all consist of real analytic maps of a special kind, namely, re- 
strictions to [—1, 1] of quadratic-like maps in the sense of Douady-Hubbard. 
We remind the reader that a quadratic-like map / : V — > W is a holomorphic 
map with the property that V and W are topological disks with V compactly 
contained in W, and / is a proper, degree two branched covering map with a 
continuous extension to the boundary of V. The conformal modulus of f is 
the modulus of the annulus W\V. 

We are interested only in quadratic-like maps that commute with complex 
conjugation, for which V is symmetric about the real axis. Consider the real 
Banach space Ho(V) of holomorphic functions which commute with complex 
conjugation and are continuous up to the boundary of V, with the C° norm. 
Let Ay C Ho(V) be the closed linear subspace of functions of the form ip = (ftoq, 
where q(z) = z 2 and eft : q(V) — > C is holomorphic with 0(0) = 0. Also, let 
Uy be the set of functions of the form / = 1 + ip, where (p = (ft o q £ Ay and 
(ft is univalent on some neighborhood of [—1, 1] contained in V, such that the 
restriction of / to [—1, 1] is unimodal. Then Uy is an open subset of the affme 
space 1 + Ay, which is linearly isomorphic to Ay via the translation by 1, 
and we shall regard Uy as an open subset of Ay itself via this identification. 
For each a > 0, let us denote by Q a the set of points in the complex plane 
whose distance from the interval [—1,1] is smaller than a. We may now state 
Sullivan's theorem as follows. 

Theorem 2.1. Let Q C P be a nonempty finite set. Then there exist 
a > 0, a compact subset K = K@ C A^ a fl X>@ and \x > with the following 
properties. 

(i) Each f € K. has a quadratic-like extension with conformal modulus boun- 
ded from below by fj,. 

(ii) R(K) C K, and the restriction of R to K is a homeomorphism which 
is topologically conjugate to the two-sided shift a : & z — > @ z : in other 
words, there exists a homeomorphism H : K — > O z such that the diagram 

R 



H 

e £ e 



H 



commutes. 



(iii) For all g £ D@ n V r , with r > 2, there exists f € K with the property that 
\\R n (g) - R n (f)\\c°(i) ^0 asn^w. 

For a detailed exposition of this theorem, see Chapter VI of [26]. 
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Later, in [23], C. McMullen established the exponential convergence of 
renormalization for bounded combinatorics (using rigidity of towers). His theo- 
rem forms the basis for the contracting part of Lyubich's hyperbolicity theorem 
in [20]. 

Theorem 2.2. If f andg are infinitely renormalizable quadratic-like maps 
with the same bounded combinatorial type in C P, and with conformal moduli 
greater than or equal to fi, then 

\\R n f-R n g\\c°(i)<C\ n 

for alln>0 where C = C{ji, 6) > and < A = A(0) < 1. 

The above result was extended by Lyubich to all combinatorics. In par- 
ticular it follows, in the case of bounded combinatorics, that the exponent A 
and the constant C in Theorem 2 do not depend on 0. The conclusion of the 
above theorem can also be improved in bounded combinatorics: for r > 3; the 
exponential convergence holds in the C r topology if the maps are in V r (see 
[24] and [25]). 

In [20] , Lyubich considered the space of quadratic- like germs modulo affine 
conjugacies in which the limit set K is naturally embedded. This space is a 
manifold modeled on a complex topological vector space (arising as a direct 
limit of Banach spaces of holomorphic maps). In this setting, Lyubich estab- 
lished in [8] the full hyperbolicity of the renormalization operator. With the 
help of Sullivan's real and complex bounds and Lyubich's theorem we prove 
the hyperbolicity of some iterate of the renormalization operator acting on a 
space Afi a for some a > (see Theorem 2.4 in §2.5). Then we extend Davie's 
analysis for the Feigenbaum fixed point to the context of bounded combina- 
torics to conclude that the hyperbolic picture also holds true in the much larger 
space U r (see Theorem 2.5 in §2.5). 

2.4. Hyperbolic basic sets. We need to introduce the well-known concept 
of hyperbolic basic set for nonlinear operators acting on Banach spaces. Let 
us consider a Banach space A, and an open subset 0Cl 

Definition 2.1. Let T : O — > A be a smooth nonlinear operator. A hyper- 
bolic basic set of T is a compact subset K C O with the following properties. 

(i) IK is T-invariant and T|K is a topologically transitive homeomorphism 
whose periodic points are dense. 

(ii) If y G O and all T- iterates of y are defined, then T n (y) converges to K. 

(iii) There exist a continuous, DT-invariant splitting A = E^QE™, for 
x £K, and uniform constants C > and < 6 < 1 such that 

\\DT n {x)v\\ < C6 n \\v\\ 
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for all v G E!j., as well as 

(2.4.1) \\DT n (x)v\\ > C9- n \\v\\ 

for all v G E 1 ". 
(iv) The dimension of is finite and constant. 

The following notions are also standard. Let A(x, e) be the ball in A with 
center x and radius e. The local stable manifold W e s (x) of T at x consists of 
all points y G A(x,e) such that, for all n > 0, we have T n (y) G A(T n (x),e) 
and 

||T n (y) - T n {x)\\ -» when n -»• oo . 

The /oca/ unstable manifold W™(x) of'T at x consists of all points y G A(x,e) 
such that, when yo = y, for all n > 1 there exists y n G *4(T _n (x),e) such that 
y n -i =T(y n ) and 

||T~ n (x) — y n \\ —i- when n — > oo . 

Finally the g/o&aZ siaWe sei o/ T x is defined as 

W s (x) = {yeO : \\T n (y) - T n (x)\\ -► when n -► oo} . 

The question arises as to whether these sets have smooth manifold structures. 
We have the following general result. 

Theorem 2.3. If K is a hyperbolic basic set of a C 1 operator T : O — > A 

then 

(i) the local stable (resp. unstable) set at x G K is a C 1 Banach submanifold 
of A which is tangent to E* (resp. E™) at x. 

(ii) If y G VF s (x) i/ien 

||T"(x)-r"(y)||<C^||x-y|| . 

Moreover, T(W?(x)) D W^(T(x)), the restriction ofT to W^(x) is one- 
to-one and for all y G W"(x), 

\\T- n (x)-T- n (y)\\<Ce n \\x-y\\ . 

(iii) If y G -4(x,e) is suc/t that T % (y) G ^4.(T*(x),e) /or i < n then 

dist (T n (y), W?(T n (x))) < C9 n , as well as dist (y, W £ s (x)) < C8 n . 

(iv) The family of local stable manifolds (and also the family of local unstable 
manifolds) form a C° lamination: the tangent spaces to the leaves vary 
continuously. 
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We do not prove this theorem here since we will not use it, but instead 
make the following comments. Using the arguments of Hirsch-Pugh in [14], we 
can prove that the local unstable set is a smooth manifold. The local stable 
set is also a smooth manifold, but a different proof is needed: one can use the 
ideas of Irwin in [16]. See also Theorem 2.1 on page 375 of [27]. In both cases 
the smoothness can be improved to C k if the operator T is C k . 

For invertible operators the global stable set is also a smooth submanifold. 
In the noninvertible situation, this is not always true. However, we will prove 
in §9.1 that this is the case for the renormalization operator acting on V r , 
provided r > 3 + a and a > is close to one. 

2.5. Hyperbolicity of renormalization. In the present paper we prove three 
main theorems. The first main theorem shows that there exists a real Banach 
space of analytic maps, containing the topological limit set K of renormaliza- 
tion, on which the renormalization operator R acts as a real-analytic operator 
and has K as a hyperbolic basic set. More precisely, we have the following 
result. 

Theorem 2.4 (Hyperbolicity in a real Banach space). There exist a>0, 
an open set O C A = A^ a containing K = ~Kq and a positive integer N with the 
following property. There exists a real analytic operator T : O — > A having K 
as a hyperbolic basic set with codimension-one stable manifolds at each point, 
such that T(/)|[-l, 1] = R N (f\[-l, 1]), for all f e O, is the N th iterate of the 
renormalization operator. 

The proof of this theorem, presented in §3 (see Theorem 3.9), combines 
Lyubich's hyperbolicity results with Sullivan's real and complex bounds. 

The second main theorem establishes the "hyperbolicity" of renormaliza- 
tion in U r . As we have mentioned before, the renormalization operator is not 
smooth in U r , so the definition of hyperbolicity of an invariant set does not 
even make sense. However, the hyperbolic picture holds in this situation. More 
precisely, we have the following theorem. 

Theorem 2.5 (Hyperbolic Picture in U r ). Ifr>2 + a, where a > is 
close to one, then statements (i), (ii), (iii) and (iv) of Theorem 2.3 hold true 
for the renormalization operator acting on U r . Furthermore, 

(i) the local unstable manifolds are real analytic curves; 

(ii) the local stable manifolds are of class C 1 , and together they form a con- 
tinuous lamination whose holonomy is C 1+/3 for some (3 > 0. 

The main difficulty behind the proof of this theorem is the fact that the 
operator T is not Frechet differentiable in C r (in fact it is only continuous in 
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a dense subset of U r ). However, as we shall see in §8.2, it is a C 1 mapping 
from its domain in U r into V s if s < r — 1 (even for s = r — 1 if r is an 
integer). Hence its tangent map defines a continuous map L : K x A r — > K x A s 
by L(g,v) = (T(g), DT(g)(v)) = (T(g),L g (v)). The bounded linear mappings 
L g : A r — > A s extend to bounded linear operators L 9 : A* — > A* for all < t < r. 
Although L 9 is not the derivative of T at g in C r , it is nevertheless a sufficiently 
good linear approximation to T near # (see the properties of Definition 6.1, 
checked in §8). 

Corollary 2.6 (Hyperbolic Picture in V r ). If r > 2 + a, where a > 
is close to one, then statements (i), (ii), (hi) and (iv) of Theorem 2.3 hold true 
for the renormalization operator acting on Y r . Furthermore, 

(i) the local unstable manifolds are real analytic curves; 

(ii) the local stable manifolds are of class C 1 , and together they form a con- 
tinuous lamination whose holonomy is C 1+/3 for some (3 > 0. 

For the proofs of Theorem 2.5 and Corollary 2.6, see Section 8. 

By an argument using the implicit function theorem and the results in 
[24] , which a priori are valid only in V r , we shall prove in Section 9 our third 
main theorem, which we state as follows. 

Theorem 2.7. Ifr > 3+a, where a > is close to one, then the following 
assertions hold true for the renormalization operator acting in V r : 

(i) The global stable sets are C 1 immersed submanifolds. 

(ii) For each integer 2 < k < r, there exists an open dense set of C k one- 
parameter families of maps in V all of whose elements intersect the 
global stable lamination of (T,Kq) transver sally. 

(iii) In each such family, the set of parameters where the intersections occur 
is a Cantor set which is locally C 1+ @ diffeomorphic to the corresponding 
Cantor set of the quadratic family. In particular, its Hausdorff dimension 
is a universal number depending only on which lies strictly between zero 
and one if has more than one element. 

It is worth emphasizing that when a generic family (in the sense of the 
above corollary) intersects the stable lamination at a point, then any neigh- 
borhood of this point in parameter space contains a renormalization window 
that is mapped under a suitable power of the renormalization operator onto a 
full transversal family. 
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3. Hyperbolicity in a Banach space of real analytic maps 

In this section we give a proof of Theorem 2.4. Using the real and complex 
bounds given by Sullivan in [28], we prove in §3.1 that there is an iterate of the 
renormalization operator which extends as a real analytic map T to an open set 
On a of the Banach space A^ a consisting of real analytic maps whose domain 
is an a-neighborhood of the interval [—1,1], for a suitable a > 0. The maps 
g G IK have unique extensions belonging to On a . In §3.2, using Lemmas 4.16 
and 4.17 in Lyubich's paper [20], we show that the hybrid conjugacy classes 
of the maps g G IK form a continuous lamination of codimension one real 
analytic manifolds. Then in §3.4 we construct a skew-product renormalization 
operator that satisfies properties (Wl) to (W4) on page 395 of [20] in the 
real-analytic case (restated in §3.5). By Theorems 8.2 and 8.8 in [20] the 
skew-product renormalization operator will have fiberwise stable and unstable 
leaves (as defined in §3.3). The local stable leaf at g G K is a relatively 
open set of the hybrid conjugacy class of g. Then using the skew-product 
renormalization operator, we prove in §3.5 that IK is a basic set for the real 
analytic renormalization operator T : On a — > An a . 

3.1. Real analyticity of the renormalization operator. Using Sullivan's real 
and complex bounds in [28], we will show that there exists a > such that 
some iterate T : On a — > An a of the renormalization operator is a (well-defined) 
real analytic operator with a compact derivative. 

For each / G IK, let 2/ C [—1,1] be the postcritical set of / (the Cantor 
attractor of /). For each k > 0, we can write 

R k f{x) = K- 1 of^oK k { x ) 

where 

fe-i 

(3.1.1) Pk=p(f,k) = l[p(R i f) , 

i=0 

fc-i 

X k = X(f,k) = l[X(R i f) , 

i=0 

A k (x) = A(f,k)(x) = X k ■ x , 

with p(-) and A(-) as defined in §2.2. Consider the renormalization intervals 
A , fc = A 0>fc (/) = [-|A fc |, |A fc |] C [-1, 1], and define = A hk (f) = f(A 0tk ) 
for i = 0, 1, . . . ,pk — 1. The collection C k = {Ao,fc, . . . , A Pfc _i 5 fc} consists of 
pairwise disjoint intervals at level k. Moreover, {J{A : A G Cfc + i} C \J 
{A : A G Cfc} for all A; > and we have 

OO Pfc — 1 

T f = n u a ^ • 

fc=0 i=0 
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Definition 3.1. The set If has geometry bounded by < r < 1 with 
respect to (Cfc)fcgN if the following conditions are met for k > 1. 

(i) If A^fc+i C A ijfc then r < \A jjk+1 \ / \A ijk \ < 1 - r. 

(ii) If 7 is a connected component of Aj^ \ [jj Aj <k +i then r < \I\ / \Ai jk \ < 

1-T. 

By Sullivan's real bounds (see [28] and Section VI. 2 on page 453 of [26]), 
there exists a > 0, such that for every g € K the set I 9 has geometry bounded 
by a with respect to (C k )keN- 

The following result is a consequence of Sullivan's complex bounds (see 
[28] and Section VI.5 on page 483 of [26]). 

Theorem 3.1. There exist n > 0, N > and a neighborhood V of the 
dynamics with the following properties. Every g £K extends to a holomorphic 
map g : V — > C and for every N > Nq there exists a symmetric neighborhood 
O g< N of the interval Ao,jv(<7) such that 

(i) the diameter of the set g l (0 9t N) C V is comparable to the length \Ai t N(g)\ 
of the interval Ai t w(g) for every < i < p = p(N,g); 

(ii) the map g' p : O g> N g p (0 9t N) is a quadratic- like map with conformal 
modulus greater than fi > 0. 

Applying Theorem 3.1 (ii) to g € IK, we see that R N {g) has a quadratic- like 
extension to 

(3.1.2) U 9tN = A g 1 (0 9>N ) 

(where A g = A(g,N)) and such an extension has conformal modulus greater 
than n > 0. 

Recall that the filled-in Julia set /C/ of a quadratic-like map f : U — > U' 
is the set {z : f n z G U, n = 0, 1, . . . }, and its boundary is the Julia set Jf of /. 
Since all maps in K have conformal modulus greater than or equal to fi > 0, 
we deduce from Proposition 4.8 on page 83 of McMullen's book [23] that there 
exists b > such that for every jgKwe have 

(3.1.3) Q b (fC R N^) C U 9i n ■ 

Here the notation £l e (K) means the set of all points whose distance from K is 
less than e/2 times the diameter of K. 

For each neighborhood U of [—1, 1] in C, symmetric about the real axis, we 
consider the real Banach space Ajj of holomorphic functions defined earlier. 
We denote by A{j(g,d) the open ball of radius S around g. By (3.1.3), the 
inclusion map i 9t N '■ &u g , N — * An a is a well-defined compact linear operator for 
every < a < b. 
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Lemma 3.2. Let \i > and Nq > be as in Theorem 3.1 and b > as in 
(3.1.3). For every < a < b there exist N > No and So > such that 

(i) for every g £ K, the operator T 9) jv : A^ a (g, So) — > A(/ g N zs well-defined if 
we set 

T 9tN (f) = Af' 1 ofoA f : l/ fliJV -> C , 

where p = p(f, N) = p(g, N), Af = A(/, N), and T g ^(f) is a quadratic- 
like map with conformal modulus greater than ///2; 

(ii) the operator T : — > An Q giwen by T = i g ^ o T g< N is real-analytic 
with a compact derivative, where 

Proof. By Sullivan's real bounds, there exist Ci > 1 and < z^i < 1/2 < 1 
such that for all g € K, all k G N and all < j < p(k,g) — 1, we have 
C-j -1 !/* < |Aj fc(5)| < C11/2 • Thus, by property (i) in Theorem 3.1, for every 
a > there is N > so large that the open sets g 3 {O g ^) have diameter 
smaller than a/3 for all < j < p(N,g). Recall that 9i jv = A g (U g ^). By 
a continuity argument, there is 5 g > such that for every / <G An a (g,5 g ), 
the restriction f\[— 1,1] is iV-times renormalizable, f 3 {Af(U g) N)) C ^ a /2 f° r 
every < j < p = p(N,f), and moreover f p : A f (U 9tN ) -> f p (A f (U 9tN )) is a 
quadratic-like map with conformal modulus greater than ^/2. By compactness 
of K in Afi a , there is a finite set {gi : i = 1, ... , 1} such that 

Kc(jAn a (9i,S gi /2) . 
i=i 

Set <5o = minj = i ; ... ) /{<5 £ , i /2}. Then, for every 5 € IK there exists i = i(g) 
such that An a (g, 6q) C Aq q , <5 9 . ) . Hence T g ^{f) is well-defined, and it 
is a quadratic-like map with conformal modulus greater than fi/2, for every 
/ ^ &n a (9i So) which proves (i). 

Note that the real Banach space Aq q is naturally embedded in the complex 
Banach space A^ qi c of maps / : Q a — > C which are holomorphic and continuous 
up to the boundary and that T g ^ extends to an operator T^ N in an open set 
of An Q ,c, given by the same expression. Applying Cauchy's integral formula, 
we see that T^ N is complex-analytic, and so T 9i jy is real-analytic. Since by 
Montel's theorem the inclusion i 9) N is a compact linear operator, we deduce 
that T : ®n a —> Aq q is a real-analytic operator with a compact derivative, 
which proves (ii). □ 

3.2. Real analytic hybrid conjugacy classes. We will introduce later (in 
§3.4) a skew-product renormalization operator. The fiberwise local stable man- 
ifolds of such a skew-product - which will be used to determine the stable man- 
ifolds of the real-analytic operator T : On a — > A^ a , for some suitable a > - 
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turn out to be openly contained in the hybrid conjugacy classes of the maps 
in the limit set K. Here we analyze the manifold structure of hybrid classes in 
more detail. 

A homeomorphism h : U — > V, where U and V are contained in C or C, 
is quasiconformal if it has locally square integrable distributional derivatives 
dh, dh, and there exists e < 1 with the property that \dh/dh\ < e almost 
everywhere. The Beltrami differential fi^ of h is given by ///, = dh/dh. A 
quasiconformal map h is K quasiconformal if K > (1 + ||/x/ l || 00 )/(l — ||/ih||oo)- 

Two quadratic-like maps / and g are hybrid conjugate if there is a quasi- 
conformal conjugacy h between / and g with the property that dh(z) = for 
almost every z G tCf. Let us denote by H(f) the hybrid conjugacy class of /. 

By a slight abuse of notation, we will denote by Kn Ay(g,5) the set of 
maps / G Ay(g,S) with the property that /|[— 1, 1] belongs to K. 

In the proof of the following theorem, we will need to work with the com- 
plexification of Ay. Let Aye be the complex Banach space of all holomorphic 
maps / : V — > C with a continuous extension to the boundary of V. Let 
Ayc(f,d) be the open ball in Aye centered in / and with radius S > 0. Let 
C : Aye — y ^v,c be the conjugation operator given by C(f) = c o / o c, where 
c(z) = z € C. We note that / G Ay if and only if / G Ay C and C(f) = f. 

Theorem 3.3. For every g G K, there exists a symmetric neighborhood V g 
of the reals such that g has a quadratic-like extension to V g (also denoted by g), 
V g contains a definite neighborhood of K g and for every neighborhood V C V g 
symmetric with respect to R and with the property that g\V is a quadratic- like 
map, there is 5 g y > such that for all f G K fl Ay(g, 5 g y), 

Hv(f) = H(f)nA v (g,6 g y) 

are codimension-one, real-analytic leaves varying continuously with f. 

Proof. By Lemmas 4.16 and 4.17 on page 354 of Lyubich's paper [20], 
we obtain that for all / G K fl Ayc(<7, S g ,v), "Hv,c(f) = fl Ayc(<7, o~ g ,v) 

are codimension-one complex analytic leaves varying continuously with /. If 
/ G Ay(g, S g y) then the hybrid conjugacy class of / in Ayc(<7, S g y ) is invariant 
under the conjugation operator C. Hence, the tangent space TfHy : c(f) at 
/ to its hybrid conjugacy class is invariant under the conjugation operator 
C, and there is a one-dimensional transversal Ef to Tf7iy t c(f) which is also 
invariant under the conjugation operator C. Locally TCyc(f) is a graph of 
Q : Z <Z T f Hyc(f) E f with the property that if h = v + G(v) then C(h) = 
C(v) + Q{C{v)). Thus, locally Hy\f) is also the graph of Q\Z n A v (g,5 g y), 
and so it is a codimension-one, real-analytic leaf. Since the complex-analytic 
leaves Hyc(f) vary continuously with /, we deduce that the real-analytic 
leaves Hv(f) also vary continuously with /. □ 



GLOBAL HYPERBOLICITY OF RENORMALIZATION 



747 



3.3. Hyperbolic skew-products. Before going further, we pause for a mo- 
ment to introduce the elementary concept of hyperbolic skew product in an 
abstract setting. Let K be a compact metric space and assume that IK is to- 
tally disconnected. Let T be a finite collection of (real) Banach spaces, say 
T = {Ai, Ai-, ■ ■ ■ , An}, and assume we have a locally constant map </? : K — > T . 
We write A x = <p(x) G T, for all i£t Let E = \J x& ^{x} x A x . We endow 
E with a topology as follows. If Kj = (p^ 1 (Ai), then IK; is an open and closed 
set in IK, for each i = 1, 2, . . . , N. Note that E is the disjoint union of Kj x Ai, 
i = 1, 2, . . . , N. Hence endow each factor Kj x A with the product topology 
and then E with the union topology. It is clear that E is metrizable also. The 
natural projection E — > IK is open and continuous. We shall assume that there 
exists a continuous injection IQ — > A for each i, and will accordingly identify 
each x G IKj with its image in A- 

Now suppose T : K — > IK is a homeomorphism (in the case we are inter- 
ested, T is transitive), and also that for each x G IK we have a real-analytic 
map S x : A x (x,S) — > Ar^), where .A^x, <5) = {x + -u G A^ : ||t> ||^ x < 5}. We 
define a skew-product operator S : E(5) — > E 1 over T, where 

£7(5) = {(x, y) : x G X, y G A*, lb - x\\ Ax < , 

by S(x,y) = (T(x),S x (y)). 

Definition 3.2. We say that S is fiberwise hyperbolic if there exists a con- 
tinuous splitting A x = E s x KJf with dim E™ = 1 which is invariant in the 
sense that DS X {E S X ) C EJ,^ and DS X {E^) C £^ (a;) , satisfying for all t> s G 
and all G £7" the inequalities 

||£> (5T- 1(a;) o . . . ^) W« s |U t „ w < C0 n Klk 

||D (5t--i(x) • ■ ■ Sx) (x)v u \\ ATn ^ > C-^KIU , 

where C > 1 and < 6 < 1 are uniform constants on p. 

Definition 3.3. The fiberwise local stable manifold Wp(x) of S 1 at x consists 
of all points y G A x (x, (3) such that for all n > 1, we have S^n-iM o---oS x (y) G 
A T „ (a;) (T™(x),/3) and 

||S T „- 1(a;) o • • • o ^(y) - V 1( x) o ■ ■ ■ o ^WlU T „ (x) < C0 n 

where C > and < < 1 are uniform constants on x G IK. The fiberwise 
local unstable manifold Wp(x) of S at x consists of all points y G A x (x,(3) 
such that when yo = y, for each n > 1 there exists y n G At-^( x ) such that 
y n _i = S T -n( x) (y n ) and ||T- Tt (x) -yn|U T -„ (x) < Cd n . 

3.4. Skew-product renormalization operator. Our goal in this section is to 
build a skew-product renormalization operator that will play a central role in 
the proof that IK is a basic set for T : On a — > A^ a , for a suitable a > 0. Our 
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skew-product is constructed so as to satisfy properties (Wl) to (W4) on page 
395 of [20] in the real analytic case - restated in §3.5 - and therefore will have 
fiberwise stable and unstable manifolds, as we will explain in that section. 

Using Theorem 3.1 and (3.1.3), we know that for every < a < b, EC injects 
continuously into Aq q . Hence for f,g£~Kwe define distic(/, g) = ||/ — <?|U Qct • 
We also denote by K(g, e) the ball of radius e centered at g in this metric. The 
metric is compatible with the natural topology of K, independently of which 
a we take. 

Lemma 3.4. The filled-in Julia set K g varies continuously in the 
Hausdorff metric with respect to g £K. 

Proof. We need to show that for every e > there exists 6 > such 
that if distnc;(/, g) < 5 then (a) K g C Q e (JCf) and (b) Kf C Q E (K g ). Let U = 
^R- N a( g ),N C C be the symmetric neighborhood of [—1,1] given by Lemma 
3.2. Since the operator T R -N r g y No is continuous, every / € K sufficiently close 
to g in Aq e is quadratic-like on U (f = TR-N ( g ^ No (T~ 1 (f)) : U — > C ) and is 
also close to g in Ay. 

To prove (a), cover K g by finitely many disks D(zi(g),e/2), i = 1, 2, . . . , m, 
where each Zi(g) is an expanding periodic point of g. For / sufficiently close 
to g, the corresponding periodic points € D(zi(g),e/2). Hence each 

z € Kg is at distance at most e from some Zi(f), which proves (a). 

To prove (b), let n > be so large that W = g~ n (U) C Q e (JC g ). Since / 
is close to g and W C U is symmetric / : W — > f(W) is quadratic-like also, 
whence Kj C W C VL £ {K g ) and so (b) is proved. □ 

Lemma 3.5. Let g G K and let V C C be a symmetric neighborhood of 
[—1,1] which is compactly contained in Cl^^iKg), where b is given by (3.1.3). 
Then for all e > sufficiently small K n Ay (g, s) is an open subset of K. 

Proof. Take < a < b sufficiently small such that £l a is compactly 
contained in V. By Theorem 3.1 and (3.1.3), every / € K is well-defined on 
Qb(Kf). Since by Lemma 3.4 the map / i— ► Kf is continuous in the Hausdorff 
metric, there exists £o > such that if / G K is such that distK(/, g) < £o 
then Q b / 2 (K g ) C Q^Kf). Since V C Qb/ 2 (K g ), it follows that / is well-defined 
on V, that is, / 6 Ay. Hence there is a well-defined injection I£(<7, eo) — > Ay. 
Such injection is continuous. Indeed, for / 6 K(<7, £o)> t ne C° norm of / in 
^&/2^Cg) is uniformly bounded, while ||/||An Q varies continuously with /. Since 

g ), we deduce from Hadamard's three circles theorem 
(see Lemma 11.5 on page 415 of [20]) that ||/||a v varies continuously with / 
also. Therefore the map M.(g, Eq) — > Ay is continuous as asserted. Now let 
/ G Kfl Ay(^,eo)- Since the inclusion Ay — > Ajj o has Lipschitz constant one, 
we have that / G £q). Hence, by continuity of the map K(g,eo) — > Ay, 
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there exists e\ > such that K(f,ei) C InAy(g,eo), which shows that this 
last set is open in K. This completes the proof. □ 

Lemma 3.6. Let b > be as defined in (3.1.3) and So > as in Lemma 
3.2. There exist u > 0, < 5 < 5o, a finite set V of symmetric neighborhoods 
of [—1,1] and a locally constant map K B g \— > V g G V with the following 
properties: 

(i) The neighborhood V g is compactly contained in ^6/2 (A^g); 

(ii) Every f G Ay 9 (g, 5) is a quadratic-like map with conformal modulus 
larger than v\ 

(hi) If f G KnAy s (<7, 5) then H(f) fl Ay s (g, 5) is a codimension-one, real- 
analytic submanifold varying continuously with f . 

Proof. For every g G K, let U g C C be a symmetric neighborood of [—1, 1] 
where g is quadratic-like, and take n g > so large that Vg = g~ ng (U g ) C 
Q b / 3 (K.g) and 1^' C Vj, where V g is as given in Theorem 3.3. 

Let 5 g > be so small that each / G Ayv(g, <5 9 ) is quadratic-like in V^' with 
conformal modulus greater than v g > and also so that Theorem 3.3 holds 
true (for V' g and 5 g ). By Lemma 3.4, making 5 g smaller if necessary, we see 
that V' g = g- n «(U g ) C n b(2 {K f ) for all / G X n A v ,(g, 5 g ). 

By Lemma 3.5, each set KnAy^g, 5 g /2) is open in K. Since K is compact, 
there exists a finite set {gi : i = 1, . . . , /} such that 

/ 

Kc|jAv2>,(W2) • 
i=l 

Thus we can set 

V = (V^. : i = 1, . . . , Z} , S = min {<5 9i /2} and is = mm {v g .} . 

Therefore, since K is totally disconnected, there exists a locally constant map 
K 9 9 m F 9 £ V so that properties (i), (ii) and (iii) are satisfied. □ 

We are now in a position to define the skew-product renormalization op- 
erator. This is accomplished in our next lemma. Let us define first its range 
and domain, respectively, as follows 

E={(g,f) : 5 GlKand/G Ay,}, 
E(S) = {(g,f)EE:feA Vg (g,S)} . 

Let us now fix once and for all a > so small that Q a C V g for every 
g G K (this is possible because V in Lemma 3.6 is a finite set). The inclusion 
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kg : Ay 3 — ► An a is a well-defined compact linear operator. By (3.1.3) and 
Lemma 3.6 (i) we also have 

Therefore the inclusion : &u g N —> Ay E „ is also a well-defined compact 
linear operator. 

Lemma 3.7. Let 5 >0 and V g G V be as in Lemma 3.6. Let N = N(a)>0, 
Tg t N and T : On a — ► A^ a fre as in Lemma 3.2. 

(i) For every g £ K, the operator T g : AQ a (g,5) — > Ay RjV(g) giwen 6j/ T 9 = 
ip,AT ° r fli jv «s rea/ analytic with a compact derivative. 

(ii) TTie skew-product renormalization operator S : E(5) — > given by S(g, f) 
= (T(g),S g (f)), where S g = T g ok g : A Vg (g,S) -»■ Ay T(s) , is well-defined. 
Furthermore, 

(3.4.1) fc T(g) o S g = T ok g . 

Proof. The proof is similar to the proof of Lemma 3.2 (ii). □ 

3.5. Hyperbolicity of the renormalization operator. The purpose of this sec- 
tion is to show that K is a hyperbolic basic set for the operator T : On a — ► A^ a - 
This will follow from the fact (Lemma 3.8 below) that the skew-product renor- 
malization operator has fiberwise real analytic stable manifolds and fiberwise 
one dimensional real analytic unstable manifolds. 

We start by noting that our skew-product operator satisfies the conditions 
W1-W4 on page 395 of Lyubich [20] in the real analytic case. Namely, we have 

Wl. The conformal modulus of each g € K is larger than a uniform constant 
H > 0. 

W2. There exists rj > such that if distj^/, g) < V for some /, g <G K, then 
A Vf = A Vg . 

W3. There exists 5 > such that S g (A Vg (g,S)) C Ay T(s) . 

W4. The vertical fibers Z g (consisting of those normalized symmetric 
quadratic-like germs whose external class is the same as that of g) sit 
locally in Ay g for each j£K. 

Condition Wl is satisfied because of the complex bounds (Theorem 3.1). 
Condition W2 follows from Lemma 3.6. Condition W3 holds by the construc- 
tion of S g in Lemma 3.7. Condition W4 is a consequence of Lemma 3.6 (iii). 

Now we have the following result. 
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Lemma 3.8. The skew-product renormalization operator S : E{5) — > E 
defined in Lemma 3.7 is fiberwise hyperbolic. Moreover 

(i) The local stable set Wg(g) of S at g is a codimension-one submanifold of 
Av g which is relatively open in TL(g) f)Av g (g,5), and Wg(g) is tangent to 
E s Jatg. 

(ii) The local unstable set Wg(g) C Ay g of S at g is a one- dimensional, 
real-analytic manifold, and {g} x W£(g) varies continuously with g G A 
in E. 

Proof. Since the operator S satisfies Lyubich's conditions W1-W4 stated 
above, part (i) follows from Theorem 8.2 on page 392 of [20] and Theorem 3.3, 
and part (ii) follows from Theorem 8.8 on page 398 of Lyubich's paper [20]. □ 

Theorem 3.9. Let T : 0^ a — > An a be the real analytic operator defined 
in Lemma 3.7. Then there is a continuous, DT -invariant splitting A^ a = 
E g(& E g, f° r 3^1, such that if v u G E u g and v s G E' g then 

(3-5.1) ll^r n (^KIlA 0a >c r " 1 «" n ll« u llA 0a , 

(3-5.2) \\DT n (g)v s \\ Ana <Ce n \\v s \\ Ana , 

where C > 1 and < 6 < 1 are uniform constants on g. 

Proof. Since for every g G K the map k g : Ay g — ► A^ a is linear and 
injective, it follows from Lemma 3.8 (ii) that Z g = k g (W${g)) is a real-analytic, 
one-dimensional manifold varying continuously with g. Let w g be the unitary 
vector tangent to Wf{g) at g. Then v g = k g {w g ) is a vector tangent to Z g at 
g and also varies continuously with g. Since k g and hr( g ) are linear maps we 
see from (3.4.1) that if X g is such that DS g {g)w g = X g w T ^ then DT{g)v g = 
X g VT( g ). Thus a natural candidate for E g is the one-dimensional linear subspace 
generated by v g . In particular, (3.5.1) is satisfied. 

Let us find the natural candidate for E g . We have that DT g (g)v g = WT(g) 
and by hypothesis wx( g ) is transversal to the tangent space of W$(T(g)). Thus, 
by the implicit function theorem Z g = T~ 1 (Wg(Tg)) is a codimension-one 
manifold transversal to Z g . Taking E g equal to the tangent space of Z g , we 
obtain that E g @E g = An a . By (3.4.1), we have that a neighborhood of 
T(g) intersected with ^(g) ls con tained in T(Z g ) and a neighborhood of T{g) 
intersected with T{Z g ) is contained in %T(g)' w ^ich implies that the splitting 
E g E g is invariant under DT. From assertion (i) in Lemma 3.8, we obtain 
that E g varies continuously with g and so the splitting Eg Eg also varies 
continuously with g. 

Finally, let M > be such that \\DT g (g)\\ Aila <Mandnote that ||fc 9 ||A no <1 
for all g G K. For all V s G Eg with unit norm, let u s = DT g (g)v s G Ay T{g) . By 
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Lemma 3.8 (i) and (3.4.1) there exists C\ > 1 and < 6 < 1 such that 

\\DT n (g)v s \\ Asia = \\k THg) o DS T ^ {g) (T n -\g)) o • • • o DS T[g) (T{g))u s ||a„ o 

< HD^-x^Cr*- 1 ^) o • • • o D5 T(fl) (T( 5 ))u s || AvTri(g) 

< dMO' 1 - 1 , 

which shows that (3.5.2) is satisfied. This completes the proof. □ 

With the above results, we have therefore established Theorem 2.4, to the 
effect that a suitable power of the renormalization operator is indeed hyperbolic 
in a suitable (real) Banach space of real analytic mappings. From now on, we 
shall concentrate on the problem of extending such hyperbolicity to larger 
ambient spaces of smooth mappings. Our journey will take us far into the 
wilderness of nonlinear functional analysis. 



4. Extending invariant splittings 

In this section we prove a certain result from functional analysis (Theorem 
4.1 below) that is absolutely crucial for the stable manifold theorem that we 
shall prove later. This result deals with the notion of compatibility presented 
below and is a strong generalization of a key idea of Davie in [5]. In Section 5, 
we shall use the results presented here to show that the invariant splitting for 
the renormalization operator T in A^ a of Section 3 extends to an invariant 
splitting for the action of T in the larger spaces A r of C r maps. 

4.1. Compatibility. We are interested in the answer to the following ques- 
tion. Given a smooth operator T : O — > A having a hyperbolic basic set K, 
and given a larger ambient space B 2 A to which T extends (not necessarily 
smoothly), under which conditions does K have a hyperbolic structure in £>? 
To give a precise meaning to this question (and then answer it!) we introduce 
the following notion. 

We have a natural continuous map L : K — > C(A, A) given by 

K3 x i ^ L x : A^> A 

L x (v) =DT(x)v . 

We will also assume that for every x G IK, E^. is a one-dimensional subspace 
and that we can chose a unit vector u x G varying continuously with x 
so that L x (u x ) = S x • u T r x \ with 5 X > 0. In the case of the renormalization 
operator there is a natural choice for the vectors u x : choose the unit vector 
pointing in the direction of increasing topological entropy. 

For every x 6 K, we denote DT n (x) = L T n-i^ o ■ ■ ■ o L x by L x ^ and 

in) 

"T"-!(x) • • • Ox by S x . By hyperbolicity of K, there exist Cq > and A > 1 
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such that for every x € K and every n > 1 we have 

(4.1.1) 4") > C A n . 

We denote by X(r) the open ball in the Banach space X centered at the 
origin and with radius r > 0. 

Definition 4.1. Let 9 < p < A where 6 is the contraction exponent of the 
hyperbolic basic set K of the operator T and A is as in (4.1.1). The pair (£>, C) 
is p-compatible with (T, IK) if the following conditions are satisfied. 

Al. The inclusions A — > £> — > C are compact operators. 

A2. There exists M > such that each linear operator L x = DT(x) extends 
to a linear operator L x : C — > C with 



<M, 



L x (B)cB, 



L x {v) 



B 



<M\\v\\ B . 



A3. The map L : K — > C(B,C) given by = L x |£> is continuous. 
A4. There exists A > 1 such that 23(A) Pi A is C-dense in 23(1). 
A5. There exist K > 1 and a positive integer m such that 



B 



< max 



2(1 + A) 



MIb.-ktimIc 



Remark 4.1. Note that neither the map L:IxC->KxC given by 
L(x, v) = (T(x),L x (v)) nor its restriction from K x 23 to IK x 23 are necessarily 
continuous. 



Example 4.1. As we know from Theorem 2.4, K is a hyperbolic basic set 
of the renormalization operator T = R N : O —> A. In Section 5 (see Theorem 
5.1), we will show that the pair (A r , A ) is p-compatible for r sufficiently close 
to 2 and 1-compatible for r > 2 noninteger. 

Let 7r" : A — > E x and tt x : A — > be the canonical projections. We 
define P x = ^(x) ° ^ x anc ^ Q x = n T(x) ° ^ x wmcn nave the property that L x = 
Px + Qx and that Pt(x)Qx = Qt(x)Px = 0. We also define the linear functional 
a x : A -> R by 7r£(?;) = <7 x (u)u x , and observe that P x (v) = 5 x ^x(w)u T ( x ). 
We note that the map a : K — > £(»4, R) which associates to each x the linear 
functional cr x is continuous. 
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Theorem 4.1. If(B,C) is p- compatible with (T,K) then each stable func- 
tional a x extends to a unique linear functional a x G B* satisfying 



(4.1.2) 



LW(v)-sW* x {v)u T n {x) <ce n \\v\\ B 



for some C > and < 9 < p. Furthermore, the map a : IK — > C(B, R) which 
associates to each x the linear functional o x is continuous. 

Proof. Let m and M be as given in Definition 4.1. Since by property Al 
the C-closure of B(l) is compact, and since by property A4 the intersection 
A fl B(A) is C-dense in B(l) we can find a finite set 

$ c AnB(A) 

such that for each w G B(l) there exists w' G <!> such that 

p m 



\w — w ||c < 



AK 



Now let v G B(l), and let vq G <E> be such that 



2K 



Since ||t> — vq\\q < 1 + A, applying the inequality of property A5 to v — vq 
yields 



< max 

< p m /2 . 



P" 



2(1 + A) 



\v - vq\\b, K\\v - vq\\c 



Therefore L x m \v) = L x m \vo) + {p m /2)w\ for some w\ G B{\). Repeating the 
argument with w\ replacing v and proceeding inductively in this fashion, we 
get after k steps 

fc-i 



fcm 



3=0 



2 k 



for some Wk G 0(1) and G Now recall that 



A(k-j)m) , 



J Tf»(x) 

Hence we can write 
(4.1.3) L^) 



((k-j)m) 



(x) y u o>^^T^{x) 



A(k-j)m) n^ - !)™) (n, 

d T^(x) (T T' m (x)\ v j ) u T km (x) ' ypm^) l^i 



{{k-j)m) l 
(x) 



' k-1 



1 



4 fcm) |E^ ff rMx)(«i) ] u t-W 



3=0 



P " \- ^((k-j)m), x 

Ti»(i) Wi + 



2 k 



-w k 
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The first summation in parentheses converges to a limit because, by (4.1.1), 
)^ m ^ > Co\i m > CofP m and {oiv m (x)( l 'j)} ls > bounded, as the Vj run through 
linitely many values and ||<7t'(x)|| < M for all i. We therefore define 

k— 1 

* ^ 1 p> m 

(4.1.4) a x {v) = hm ^ -— ^a^^^-) . 

j'=o °* 

It will be clear in a moment that this extension of cr x is independent of the 
choices of approximants Vj performed above, linear, continuous, and the unique 
extension satisfying (4.1.2). We know that 



Q 



((k-j)m) 



for all j < k. Thus the second summation plus the last term in (4.1.3) add up 
to a vector with S-norm bounded by 



Co 



V— (- 

2—* ~2j Vp 

3=0 XH 



0\m(k-j) 



1 

+ ^k 



km 



This gives 
(4.1.5) 



L x km \v) - 5 x km ^ x (v)u Tk 



>(x) 



< C 3 (k + l)f3 k p 



k km 



where (3 = max{l/2,#/p} < 1. Now choose < 9 < p so that (k + l)(3 k < 
C4(^) km for all k. Since by property A2 for all x £ IK and for all v € B we 

have ||L x (t;)||e < M||w||g, writing n = km + r and using the above estimates 
we obtain the desired inequality (4.1.2). 

Let us now verify that (T x {v) is the unique value satisfying (4.1.2). In 
particular, it does not depend on the choices of approximants Vj taken in 
(4.1.4). To do this we represent by a*(v) a value satisfying (4.1.2), for instance 
that obtained in (4.1.4) by taking another choice of approximants. Therefore 
we have 



|a- x (t;)u T *m( x ) - a*(v)u Tkm{x) \\ B < 



a x (v)u Tkm(x) - U km A~ L x km \v) 



B 



+ 



-1 ~ , 



<2ce 



4 fc ™)) Li km Hv)-a* x (v)u Tkm{x) 

n {s x km) y L . 



Letting k — > oo in this inequality we deduce that <j x (v) = cr*(v). A similar 
argument shows that a x is linear. Using inequality (4.1.5) with k = 1, we 
obtain that H^xlls is bounded. Finally, the fact that a x is continuous in x can 
be deduced from (4.1.4) using property A3. □ 



756 



EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO 



COROLLARY 4.2. Let (B,C) be p- compatible with (T, A). Let the linear 
functional a x G B* be the extension of the stable functional a x satisfying 
inequality (4.1.2) for all x G K. Then, there exists a continuous splitting 
& = E% © with the following properties: 

(i) E% is the inclusion in B of the unstable linear space E% C A; 

(ii) E% = Ker(«7 x ); 

(iii) The splitting is invariant by L x ; 

(iv) There exists a constant C > such that 



> CX m \\v\ 



for all igK, for all v G E%, and for all m G N (where A > 1 is the same 
as in (4.1.1)); 

(v) There exist constants C > and < 9 < p < A such that 



< ce m \\v\\ B 



for all x G K, for all v G E x , and for all m G N. In particular, if p < 1 
i/ien < 1. 

(vi) Lei tc x : B —> E x and tt x :B^> E% be the natural projections such that 



7T„ , 7r^ O 71% = 7T„ and 7T„ O IX = 7f o 7T„ = U 



T/ie operators Q x B —> B and P x : B —> B may be defined by Q\ 
L™ o 7rJ and 6y PS 1 = Lx°^x- Then, there exists C > 1 snca i/tai 



<2™ 



< C6> m and 



P' 



> C~ L X 



for all x £K and /or a// m G N. 



Proof. First, we observe that for all x € K and for all v G £>, we can write 
w = (u-<7 x (u)u x ) + <7 x (t;)u x , where v-o- x (i;)u x G Ker(<7 x ) and a x (v)u x G K|f. 
Since <r x (u x ) = 1 ^ 0, we obtain that B = E s x ®E x l . 

By inequality (4.1.2), there exists C > such that 



(4.1.6) 



L x m) (v) 



< ce m \\v\ 



for all x G IK, for all v G Ker(<r x ), and for all m G N; if v G £> \ Ker(<7 x ) then 
there exists C w > such that 



L x m \v) 



> C v X n 
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Therefore, L x (Kei(a x )) C Ker(ax( x ))- Since L X (E^) = E^^ implies that 
L X (E X ) = Ej,^ x y the splitting is invariant by L x . 

By inequality (4.1.6), we obtain that property (v) and the first inequality 
in property (vi) are satisfied. Since IK is compact and the map K — > R + which 
associates ||u x ||b to each x is continuous, there is C > 1 such that 

(4.1.7) C- 1 \\v\\ A <\\v\\ B <C\\v\\ A 

for all x G K and for all v £ E™. Thus, property (iv) and the second inequality 
in property (vi) follow from (4.1.1) and (4.1.7). □ 

5. Extending the invariant splitting for renormalization 

Our aim in this section is to show that the invariant splitting on the 
limit set EC of the operator T given by Theorem 2.4, which is an iterate of 
the renormalization operator, can be extended to an invariant splitting of the 
same operator acting in the space of C r unimodal maps. Given the abstract 
results of the previous section, namely Theorem 4.1 and Corollary 4.2, all we 
have to do is find the appropriate compatible spaces and the corresponding 
compatibility constants. More precisely, we shall prove the following theorem. 

Theorem 5.1. Let T and K be as above, and let A be the expansion con- 
stant satisfying (4.1.1). 

(i) For all a > the pair of spaces (A 2+Q , A ) is 1-compatible with (T,K). 

(ii) For all 1 < p < A there exists a > sufficiently small such that 
(A 2 ~ a ,A°) is p-compatible with (T, K). 

The path towards the proof of this theorem (presented in §5.3) leads us 
to perform what amounts to a spectral analysis of the formal derivative of 
the renormalization operator, which in turn calls for certain estimates on the 
geometry of the post-critical set of each map in the limit set of renormalization. 
We have the following explicit formula for the derivative Lf = DT(f) of T at 
/€X: 

1 

DT(f)v = -J2 Df{f-\\ iX ))v{f^-\\ f x)) 

f j=0 

1 P ~ l 

+ Y [x(Tfy( X )-Tf( X )}J2Df j (f p - j (0))v(r-i-\0)) , 

where as before A/ = / p (0) for some positive integer p = p(f, N). We observe 
that the operator Lf extends naturally to each of the spaces A 7 for 7 > 0. 
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Properties Al, A2 and A3 of Definition 4.1 are easily verified in our 
setting. Property A4 follows from a general result of Holder spaces that can 
be proved via smoothing operators. Hence, the heart of the matter is verifying 
property A5. This is where the geometric scaling properties of the invariant 
Cantor set of a map in K become important - see §5.2. We follow Davie's 
observation that is a special sort of operator - what we call an L-operator 
- which is amenable to analysis. The verification of the fifth property (with 
(B,C) = (A 7 , A )) - presented in §5.3 - consists in controlling the norm of a 
certain positive linear operator L^™j : A — > A associated to (see Lemma 
5.3). Using the bounded distortion properties of / G IK and the geometry of 
the invariant set of /, we show that the exponential growth rate of the C° 
norm of L^ is bounded by some fi<\ii / y = 2 — a with a > small enough 
and is bounded by some / u<lif7 = 2 + a with a > 0. 

5.1. Holder norms and L-operators. First we define what we mean by 
an L-operator, and to each such operator L we associate another operator L 7 , 
acting on continuous functions. Then, we use local Holder estimates to control 
the norm of compositions L m o ■ ■ ■ o L2 o L\ of L-operators Lj by the norm of 
(L m o • • • o L 2 o Li) 7 . 

Definition 5.1. An L-operator is a bounded linear operator L : C 7 (7) — > 
C 7 (L) that can be written in the form 

n 

Lv(x) = ^24>i(x)v(ipi(x)), 

i=l 

where (pi E C 71 (I) and ipi € C 72 (/) are maps such that ipi (I) C / for i = 
1, . . . , n, and where 71 > and 72 > 1 are such that < 7 < 71, 72. 

Example 5.1. For all / G IK and all i > 0, the formal derivative Lf = 
L»T(T i (/)) is an L-operator. 

An L-operator L as above yields a positive, bounded linear operator L 7 : 
C°(J) -> C°(J) defined by 

n 

L 7 v(x) = \4>i(x)\\DMxWv(Mx)) ■ 
i=i 

A straightforward computation yields the following result. 

Lemma 5.2. If L l7 L 2 : C 7 (I) — > C 7 (7) are L-operators, then (LioL 2 ) 7 = 
Li i7 o L2 )7 . 

We remind the reader that a function ip : I — > / is a -Holder continuous, 
for a fixed < a < 1, if there is c > such that \tp{x) — <p(y)\ < c\x — y\ a for 
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all x,y G I. Let C a (I) be the Banach space of all a-H61der continuous real 
functions on /, with norm 

ii n In n \<p( x ) - <p(v)\\ 

\\ip\\ a = max < \\ip\\ , sup — : — > . 

[ x+y \X-y\ a J 

Let C k+a {I) be the Banach space of all real functions on / for which the k th 
derivative is a-H61der continuous, with norm 

IMIfc+a = max{||v?||o, \\D k (p\\ a }. 

Lemma 5.3. Let Li : C 7 (I) — > C 7 (I) be a sequence of L- operators, and 
assume that there exist constants \i > and C > such that for all n, 

(5.1.1) \\{L n o...oL 2 oL 1 )J <C f j n . 

Then for all p > \x and all e > there exist m > and K > such that for 
alive CP (I), 

\\L m o ■ ■ ■ o L 2 o Li(t>)|| 7 < m&x{ep m \\v \\ y ,K\\v\\ } . 

To prove the above proposition, we will use local Holder estimates for 
L-operators given in our next lemma. For each r\ > and each ip £ C a (I), we 
consider an associated semi-norm 

\<p(x) -y(y)\ 

a,rj — bLl P \ _ \a 

0<\x—y\<i] \ x U\ 

The corresponding semi-norm of ip € C k+a {I) for k > is ||<^||fc+ arj = 

\\r \\ot,r]' 

Lemma 5.4. Let L : C J (I) — > C 7 (7) be an L-operator as defined above. 

(i) For every e > 0, there exists rj > sttc/t i/icrf 

H-HI™ ^ ( £ + ll L 7llc"(/))lkll7- 

(ii) For every e > and < £ < 7, i/iere is rj > such that 

\\Lv\\^ jr) < s\\v\\j. 

Proof. See Lemmas 1 and 2 in [5]. □ 
Proof of Lemma 5.3. Choosing m such that Cp m < ep m /8, we have 

ep m 

M = \\L mr/ o • • • o Li j7 || < — — . 

o 

By Lemma 5.4, given e' = ep m /8, there exists n > such that 



|L m o ■ • • o Lx^ll^ < (e' + M) |M| 7 < -^H| 7 . 
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Taking K = 8kl\\L m o ■ ■ ■ o Li||o/r/ 7 , writing 7 = k + a, where k is an integer 
and < a < 1, and using interpolation of norms (see Lemma 4 in [5]), we 
deduce that 

\\L m o • • • o Li(»|| 7 <4max|||L m o • • ■ o Li(v)\\ ir] , — \\L m o • • • oLi(v)|| j 
< max{e/9 m ||f |[ 7 , K\\v ||o} • □ 

5.2. Bounded geometry. Our aim in this section is to prove two crucial 
propositions concerning the geometry of the invariant Cantor set of an infinitely 
renormalizable map in the limit set of renormalization. They are important 
not only in the proof of Theorem 5.1, but also in the proof (presented in §8) 
that the renormalization operator is robust (in the sense of §6). 

We recall our notation. For each / el, let If C I be the closure of the 
postcritical set of / (the Cantor attractor of /). For each k > 0, we can write 

R k f(x) = ^--r*(\ k x) 

where p k = Ui=oP( Ri f) and A fc = Ui=oH Ri f)- Recall that the renor- 
malization intervals A , fe = [-|A fe |,|A fe |] C [-1,1], and A ijfc = f l (A^ k ) for 
i = 0, 1, . . . ,pk — 1. The collection C k = {Ao, k , ■ ■ ■ , ^-p k -i,k} consists of pair- 
wise disjoint intervals. Moreover, |J{A : A G C k+ i} C |J{A : A € C^} for all 
k > and we have 

00 p k — 1 

j / = n u a ^ • 

fc=0 i=0 

In our first proposition, / is a normalized, symmetric quadratic unimodal 
map, infinitely renormalizable, sufficiently smooth (say C 2 ) for Sullivan's real 
bounds to be true for /. But there are no restrictions on the combinatorics. 
We shall use the general fact, due to Guckenheimer [12], that among those 
renormalization intervals at the k th level the one that contains the critical 
point of / (namely, Ao,fc) is the largest (up to multiplication by a constant). 
This can be seen as follows. First suppose that / is also S'-unimodal. If 
n > is such that f n (x) belongs to the interval with endpoints — x,x but 
f J (x) does not, for all 1 < j < n, then \Df n (x)\ > 1 - this uses the fact 
that / has negative Schwarzian. From this it follows that if J C [—1,1] is 
an interval that does not contain the critical point, whose iterates f 3 (J) are 
pairwise disjoint for < j < n, such that f n (J) lies in the convex-hull of J 
union its symmetric while the previous iterates f 3 (J), 1 < j < n, do not, then 
|/ n (J)| > \J\. Hence, if / is renormalizable, symmetric and S'-unimodal then 
at each renormalization level the interval that contains the critical point is the 
largest. If we drop the negative Schwarzian hypothesis, the same is true up to a 
multiplicative constant. This is because every sufficiently deep renormalization 
of / already has negative Schwarzian derivative. 
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Proposition 5.5. For each a > there exist constants Co and < fi < 1 
such that 



P — 1 I A.. , |2+a 
Aj+l Jfc 



(5.2.1) £ < Co/i * 



Proof. Let ^(Aj^) be the level of Aj^, i.e., the largest integer j such that 
\,k Q Ao,j \ Aoj+i- Let di t k be the distance from Aj^ to zero (the critical 
point). Using that A ijk has space around itself we see that for alH / and all 
x G Aj we have di )k < |a? | < Kdi tk , where K > 1 is a constant that depends 
only on the real bounds. Hence K^ 1 < \x\/\y\ < K whenever x,y G Aj^. 
These facts are implicitly used in the estimates below. 

Now, we have |A ijfe |/|A i+ i jfc | = l/\f'(x i:k )\ for some x ijk € A ijfe . Since the 
critical point is quadratic, we have |/'(xi,fc)| > Ci|xj ; fc|, and so 

Wk\ i 

(5.2.2) ' ' 1 < 



|Ai + i,fe| Cilx^l 
Therefore, for all < j < k — 1, 



A,;.z,| 2 . ! \ - lAifcl \ 1 f dx 



y ypM < c-i y \pM <c y i 

^ Aj, lfe ~ 1 ^ \x ik \ ~ ^ Ja \x\ 
< Cj P, < C 4 log |Ao - ! 



A ,AAo, 3+ i \ x \ l A 0,j+l| 
With these estimates, and using the fact proved above that |A 0i fc| > C5 1 | 
for all < i < p k — 1, we see that 



P J1Z} I A - , l 2 + a 
1 ■ i - s -j.,fe 



TX 1 f - C6max|A iifc 




i=0 

<c 6 |A 0)fc r ii+iog 

< K a \A 0<k \ a / 2 , 

where K a is a positive constant depending on a. This proves (5.2.1) because 
|Ao,fe| decays exponentially with k, with uniform rate depending only on the 
real bounds. □ 

In addition to Proposition 5.5 — valid for maps with arbitrary combina- 
torial type — we shall need also an estimate that seems specific for maps with 
bounded combinatorial type, namely Proposition 5.8 below; first, a couple of 
lemmas. 

For each / el, let df be the infimum of all positive numbers s such that 

Pfc-i 

y^ |A^fc| s ^ as k — > 00 . 
3=0 
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It is possible to prove, using some thermodynamic formalism, that df agrees 
with the Hausdorff dimension of If, but we will not need this fact. Let < 
D < 1 be the supremum of df as / ranges through K. 

Lemma 5.6. For each s > D there exist C s > and < n s < 1 such that 
for all f e K, 

\&j,k\ S < CsVs ■ 

3=0 

Proof. Apply bounded geometry and the compactness of K. □ 
Next, let us define 

Sj,k(f;s)= Yl l A ^l S ' 

for j = 0, 1, . . . , k - 1, all k > 0, and all / el. 

Lemma 5.7. For each s > D and each f £ K we have Sj,fc(/;s) < 
C s ^ S ji]s 3 1 where C s > and < rj s < 1 are the constants of Lemma 5.6, 
and Xj = X(f,j) is as in (3.1.1). 

Proof. Using renormalization, we see that Sj t k(f',s) = XjSo^-jffi (f); s). 
From Lemma 5.6, we know that 

S^ ] (W{f);s)<C s n k -i . 

The result follows. □ 

Proposition 5.8. For each /i > 1 close to one, there exist < a < 1 — D 
close to zero and C > such that for all f G IK, 



P"- 1 I a \2-a 

y |A ;' fcl < c// . 



Proof. Using (5.2.2) and the fact that \xi^\ > Aj + i when £(Ai^) = j, we 

have 

P fc_1 I A |2-a P fc_1 



(fe-1 

If 1 — a > D then, by Lemma 5.7 with s = 1 — a, 

E T^T ^ CCi-a £ < ^ , 

i=0 1 * +1 ' fc| j=0 
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where K a > and [i a = max{A(/, 1) a : / G IK} depend on a. But if a is 
small enough we will have fi a < /x, and this completes the proof. □ 

Remark 5.1. By a continuity argument and the real bounds, we can prove 
that Propositions 5.5 and 5.8 remain true for maps / G U 4 sufficiently close to 
IK. More precisely, for each k > there exists > such that for all / € IK 
f — f < the map / is /c-times renormalizable, 



and all / G U 4 with 



and the statements of both propositions hold for /. This will be used in §8.4 
only for real analytic maps in an open neighborhood of IK in A . 

5.3. Spectral estimates. In this section we prove Theorem 5.1. Fixing 
/ G IK and considering the Banach space A given by Theorem 2.4, we recall 
that the Frechet derivative Lf = DT(f) : — ^ ^4. is given by formula (5.0.1). 
It is clear from that formula that Lf extends to a bounded linear operator 
Lf : A — > A , and moreover Lf(A s ) C A s for all s > (because / is analytic). 

We want to verify the compatibility properties of Definition 4.1 for the 
spaces B = A s and C = A when s is close to (but different from) 2. Properties 
Al and A2 are clearly satisfied, while A3 follows from Lemma 8.13. Property 
A4 is a consequence of the following simple fact about Holder spaces (see [15]). 

Lemma 5.9. There exists A > 1 such that AnA s (A) is C° -dense in A s (l). 

Proof. By Theorem A. 10 on page 43 of [15], there exist a family St, t > 0, 
of smoothing operators preserving even functions and C > 1 such that, for 
all v G A s (l), we have ||Stv||c s < C and \\v — S t v\\c° < Ct s . By the Stone- 
Weierstrass theorem, for all small < e < C there is a polynomial wt with 
real coefficients and vanishing at zero such that \\wt — Stv \\c < £■ Now let 
vt(x) = Tj(u>t(x) + wt(—x)), so that vt G A and we still have \\vt — Stv\\c= < e. 
Then ||t>t||c s < ||<St( v ) Ilc s < 2C on one hand, while \\vt — v \\c° < e + Ct s on 
the other hand. For t small enough, this gives ||^ — v\\c« < 2e with vt G A S (2C). 

□ 

Hence all that remains is to check that property A5 is satisfied. By Lemma 
5.3, this will be the case provided we can control the C° norms ofLi m) . We 
shall prove this now, with the help of Propositions 5.5 and 5.8. 

Recall that for each m > 1 the operator L^ is an L-operator and its 

associated positive, bounded linear operator L^Y 1 } : A — > A is given by 
(5.3.1) 

L Ts(v) = f E \Df(f p ^(\ k x))\\\ k Dr^-H\ k x)\ s v(r*-i-\\ k x» , 
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where k = mN (recall that T = R N ). Now we have the following fact coming 
from bounded geometry: 

I An 



(5.3.2) \Df>(f»->(\ k x))\ 



x o,fe 



I A I ' 

\^Pk-j,k\ 

for all < j < p k — 1. Since \Df(X k x)\ < CX k for some constant C > 
independent of k and uniform in / G K, and |A 0j fc| = 2X k we have 

\Dfv*-i-\\ k x)\ < C\A 0tk \\Dr^- 2 (f(X k x))\ . 

Again, by bounded geometry, for all < j < p k — 2 

\Dr*-i-\f(\ k x))\ x |A f - J -. 1 ' fcl , 

l A i,fc| 

and so 

(5.3.3) \Df«-i-\\ k x)\ < C|Ao, fe | |A f~ J "~|' fel • 

Using (5.3.2) and (5.3.3) in (5.3.1), we see that 



\firn)u < C_ I K\ A 0,k\ , \2s l A 0,fcl \Ap k -j-l,k\ 

f> s ~ X k \ |A 1>fc | k \^ Pk - h k\ \^kY 



But |Ao,fc| = 2Afe and since the critical point of / is quadratic, |Ai 5 fc| x 
|Ao,fe| 2 x A|. Therefore, we arrive at 

(5.3.4) WL^W < c/fc ^A~ i ~ 1,k } 8 ■ 

The proof of part (i) of Theorem 5.1 now follows from Proposition 5.5, while 
the proof of part (ii) is a consequence of Proposition 5.8. This ends the proof 
of Theorem 5.1. 



6. The local stable manifold theorem 



In this section we isolate those features of the renormalization operator 
that are essential for the promotion of "hyperbolicity" from the Banach space 
A of Theorem 2.4 to the space U r . This leads us to the definition of a robust 
operator (see §6.1). Such definition is necessarily rather technical, since it 
has to account for the fact that the renormalization operator is not Frechet 
differentiable in U r . In particular a robust operator acts simultaneously on 
four different Banach spaces (corresponding in the case of renormalization to 
the space A given by Theorem 2.4, A r , A s and A , where r > 1 + s and s is 
close to 2), and satisfies several properties. The major goal of this section is 
to prove a local stable manifold theorem for robust operators. 
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6.1. Robust operators. Before moving on to a precise definition of a robust 
operator, we give the following informal description. A robust operator acts on 
four Banach spaces A C B C C C T>. In the smaller space A it acts smoothly 
and has a hyperbolic basic set K. The pairs of spaces (£>, T>) and (C, T>) are 
compatible with (T, K), and in particular the invariant hyperbolic splitting 
for K in A extends to an invariant hyperbolic splitting for K in B. Viewed 
as a map from B into C, a robust operator is C 1 . It also satisfies a uniform 
Gateaux differentiability condition in C for points and directions in B. Finally, 
as an operator in B, it is reasonably well-approximated by the extension of 
its derivative at a point of K in A to a bounded linear operator in B. It will 
take us considerable effort (see §8) to verify that the renormalization operator 
indeed satisfies all these conditions. 

Let T : O — > A be a C 2 operator having a compact hyperbolic basic set 
K. with the property that the unstable subspace of the Z)T-invariant splitting 
of the tangent space at each point of K is one-dimensional. By standard 
invariant manifold theory (see [14]), we know that for all g G IK the local 
unstable manifold W u (g) of T at g exists and is C 2 . In particular, we can find 
a C 2 parametrization 

t ' ^ u g (t) G W u {g) C A 

varying continuously with g such that u 9 = u' g (0) is a unit vector. We define 
a C 2 function t \— > 5 g {t) by 

T{u g (t)) = u T{g) (S g (t)) . 

This function also varies continuously with g and S g (t) = 5 g t + 0(t 2 ) for some 
5 g > 0. Recall that by hyperbolicity of K, there exist Co > and A > 1 such 
that for every g £ K and every m > 1, 

(6.1.1) S Tm - Hg y5 g >C X m • 

Definition 6.1. Let ^4C£>CCCDbe Banach spaces, where each inclu- 
sion is a compact linear operator. Let 0_a C A and Ob Q B be open sets in 
their respective spaces such that 0_a C Ob- Let K C Oa be a hyperbolic basic 
set of a C 2 operator T : Ojs, — > A. We say that T is robust with respect to 
(B,C,V) if it has an extension to an operator T : Ob — > £> that satisfies the 
following conditions. 

Bl. The pair (B,T>) is 1-compatible with T, while the pair (C,P) is 
pc- compatible with (T, K) for some pc < A (where A is as in (6.1.1)). 

B2. For each m > 0, the interior C^ m) of the set {/ € O b : r*(/) G B , 
Vi < m} contains K, and T m : — > C is C 1 and its derivative is 



766 



EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO 



uniformly continuous in some neighbourhood of K. Furthermore, for all 
/ G A n the linear map 

DT m {f) :B^C 

extends to a continuous linear operator L m : T> — > T> that satisfies 
L m (X) C for AT = B,C. 

B3. For every m there exists C m> i > 1 with the property that for each g£l 
there is an open set V g C Og containing 5 such that for all / G V s , 

||^T m (/)u 9 - zzr^HHc < c ro ,i||/ - ff|| B . 

B4. There exist Ci > 1 and p > 1 with the property that for each g G K 
there is an open set V g C Ob containing 5 such that for all /1, /2 G V g , 

- T(/ 2 ) - DT{f 2 ){h - h)\\ c < Ci||/i - / 2 ||g . 

B5. For all m > 0, there exists C m ^ > 0, and there exists v m > such that 
for all g G K and for all / G £> with ||/ — </||b < i/ m , 

\\DT m (f)-DT m (g)\\ c <C m , 2 X m . 

Moreover, there exists mo > such that for all m > mo, C mt 2 < Co/8 
(where Co and A are as in (6.1.1)). 

B6. For all m > 0, there exists C m ^ > such that for all g G K, for all / G A 
with ||/ — <7||_4 < u m and for all v G with < f m , 

|| T - (/ + v) _ T ™ (/) _ /JT m ( ff ) w || e < C mi3 ||t;||B • 

Moreover, there exists mo > such that for all m > mo, C m ^ < 1/4. 

Example 6.1. As one might expect, the main example of a robust oper- 
ator is provided by renormalization. We know from Theorem 2.4 that the 
renormalization operator T = R N : O — > A is hyperbolic over K. We also 
know that this renormalization operator is well-defined as a map from an open 
set of U 7 containing K into U 7 C 1 + A 7 = A 7 for all 7 > 2. We will show in 
Section 8 that T is robust with respect to the spaces A = A, B = A r , C = A s 
and V = A whenever s < 2 is close to 2 and r > s + 1 is not an integer. 

6.2. Stable manifolds for robust operators. We can now formulate a general 
local stable manifold theorem for robust operators. 

Theorem 6.1. Let T : — > A be a C k with k > 2 (or real analytic) 
hyperbolic operator overK C Oj^, and be robust with respect to (B,C,T>). Then 
conditions (i), (ii), (iii) and (iv) of Theorem 2.3 hold true for the operator T 
acting on B. The local unstable manifolds are C k with k > 2 (or real analytic) 
curves, and the local stable manifolds are of class C 1 and form a C° lamination. 
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The proof of this theorem will occupy the rest of Section 6. In the end, 
the theorem will follow by putting together Corollary 4.2, Proposition 6.13 and 
Theorem 6.15. 

6.3. Uniform bounds. Before proceeding we prove the following simple 
bounds that we will use quite often. 

Lemma 6.2. There exist /iq > and 1 < A < M such that for all g G K 
and all t G R with \t\ < fj,Q, u g (t) and S g (t) are well-defined and 

(i) M- x X n < 6 T n- Hg) ■■■5g<M n and 5 g (t) < M\t\; 

(ii) M" 1 < \\u g \\B < M and M" 1 < \\u g \\ c < M; 
(hi) M' 1 < \\a g \\ B < M and M' 1 < \\a g \\ c < M; 

(iv) M _1 |t| < \\u g (t) - g\\ c < M\t\ and M^\t\ < \\u g (t) - g\\ B < M\t\; 

(v) \<Tg(u g (t)-g)\ >l\t\. 

Proof, (i) By Definition 2.1 and (6.1.1), there exist 1 < A < Mi such that 
for all g G IK and all n > 1 we have M 1 _1 A™ < 8 T n-ii g \ ■ ■ ■ S g < Mf and also 

S g (t) < Mi\t\ for all \t\ < jJL\ (where fi\ > is a uniform constant). 

(ii) For X equal to B and C, we have that g i— ► u g as a map K — > X is 
continuous and does not vanish. Hence, by compactness of K there is Mi > 1 
such that M^ 1 < \\u g \\x < M 2 . 

(iii) Since (T g (u g ) = 1 and by property Bl in Definition 6.1, the func- 
tional o g extends continuously to X and there is M3 > 1 such that M^ 1 < 

\\<Tg\\ x <M 3 . 

(iv) Since t — > u g {t) as a map R — > X is C 1 and varies continuously with 
jCl, there is M4 > and ^2 > such that ||%(t) — ^(s)!^ < M±\t — s\ for 
all g G K and all t, s with \t\ < fi2 and \s\ < fi2- Moreover, since 

d_ 

It 



t=o 



there exists M5 > and ^3 > such that \t — s\ < M^\\u g (t) — u g (s)\\x for 
all g G IK and all \t\ < ^3. Hence (iv) follows by taking s = and noting that 
u g (0) =g. 

(v) This follows from (iv) and the fact that o- g (u g ) = 1. □ 

6.4. Contraction towards the unstable manifolds. The one-dimensional 
unstable manifolds of T in A are embedded in B, and remain invariant. The 
first important estimate given by the following lemma shows that in B the op- 
erator T contracts towards such manifolds. Therefore, if T is to have unstable 
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manifolds in B, these have to coincide with unstable manifolds in A. In what 
follows, we fix g G K and for simplicity of notation we write 



<?i = 0"T%) , Ui = UTi(g) , u i = u T»(g) 



and 



TO— 1 

<*r = n ^(9)> $ 

Set jUo > as in Lemma 6.2. 



6 T m-l {g) o---oS Ti{g) 



Lemma 6.3. For every m > i/iere exist < 7/ m < no and B m > such 
that for every g G K and every »eB irai/i < r? m t£R to^/i |i| < ?7 m , 

<5™(* + o-o(w)) < Mo, uo(t) + °B l) and 



T m (u (t)+v)-u m (^(t + a {v))) 



< B m \\v 



m V B ■ 



Furthermore, there is m\ > tuq (where mo is as in B6) such that for all 
m > mi, B m < 1/2. 

Proof. We prove the second inequality only. The first is proven in the 
same way. By property B6 in Definition 6.1, there is mo > such that for all 
m > mo, all v with \\v\\b < I'm-, and all t € R with \t\ < v m , 



(6.4.1) 



\T m (uo{t)+v)-T m (uo{t))-DT m {g)v\\ B < -\\v\\ B . 



By property Bl in Definition 6.1, (B, V) is 1-compatible with (T, K). Hence, 
by Corollary 4.2, there exists mi > mo such that for all m > mi we have 

(6-4.2) \\DT m (g)v - S^a (v)u m \\ B < h\v\\ B ■ 

o 

Putting (6.4.1) and (6.4.2) together we get 

(6.4.3) \\T m (uo(t) + v)-T m (uo(t))-5^ao(v)u m \\ B < ^\\v\\ B . 

Now, we know that T m (u {t)) = u m (5^ l (t)) and t -> u m o 8™(t) is C 2 . Hence, 
u m o 5™(t + ao{v)) -u m o §™(t) - 5^ao(v)u m \\ B 

< Cl ((a (v)) 2 + \t\a (v)) 



(6.4.4) 



<c 2 (||u||s + \t\) \\v\\b ■ 



Therefore, choosing r\ m < v m so small that C^m < 1/16 and putting 6.4.3 
and 6.4.4 together, we see that if \t\ < rj m and \\v\\b < Vm then 



T m {uo{t) + v)-u m o5l ri {t + ao(v)) 



1„ 

B ~ 2" 1 



as desired. 



□ 
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Lemma 6.4. Let mi > be as in Lemma 6.3. For all m > mi there exist 
small constants < £2 < £\ < £0 such that the following holds for every £ < £2 ■ 
For every g € EC and every v € B with \\v\\b < e, the recursive scheme given 
by fo = g + v, t = 0, v = v and 

(6.4.5) fk+i=T m (f k ), 

tk+l = fikm^itk + 0- km (v k )), 
v k+l = fk+1 - «(fc+l)m(*fe+l) 

is well-defined for all k = 0, . . . , ko — 1 where 

h = k {g, fo) = min{j : \tj\ > £1}. 



For all k < ko, 
(6.4.6) 



T km (g + v)- u km (t k ) 



B 



<2 \\v\\b and 



T km (g + v) 



T km (g) <£o/M , 



where M = M m+l + B 1 + • • • + B m , M is as in Lemma 6.2 and B\, . . . , B m 
are as in Lemma 6.3. Furthermore, 

(i) £\ < \t ko \ < £0; 

(ii) \\T k ° m (g + v)-T k ° m (g)\\ B >£ 2 ; 

(iii) \a kom (T k ° m (g + v)- T k ° m (g)) | > e 2 ; 

(iv) \\T km+i {g + v) -T km+i {g)\\ B < M \\T km (g + v) - T km (g) \\ B (which is 
less than £0) for all k < ko and all i = 0, . . . , m. 

Proof. For every g € K, let B(g, e) be the open ball in B of radius e centered 
at g. Let us fix m > mi and choose £0 < minj^o, 771, ... , rj m } such that all the 
properties Bl to B6 of Definition 6.1 are satisfied in {J g€K B(g, £0) C O^, 
where (io is as in Lemma 6.2 and r}\, ■ ■ ■ ,r\ m are as in Lemma 6.3. Since 
m > mi, we have that B m < 1/2 where B m is as in Lemma 6.3. Let us take 
M > 1 as in Lemma 6.2. We choose < £2 < £1 < £0 < n such that 

(6.4.7) £i<£ /{3M M m+2 ) , 

£ 2 <£i/(2 + 2M) . 

Now we work by induction on k. Let us assume that f k , t k , and v k have 
been defined so that (6.4.6) holds. Hence \\f k - T mk (g)\\ B < < and so 

fk G 0% l) and f k+ i = T m (f k ) is well-defined. Since \t k \ < £1 and 2M m+1 e 1 < 
£0 < by Lemma 6.2 and (6.2), and by (6.4.5) and (6.4.7), we have that t k+ i 
is well-defined and 

(6.4.8) \t k+ i\ 



tk^itk + *km(v k )) < M m (\t k \ + 1^(^)1) 



< M m (ex + M-^j < 2M m+1 £i < e . 
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Thus, by Lemma 6.2, U( k+1 - )m (t k+1 ) and v k+1 = f k+1 - U(fc+i)m(*fc+i) are also 
well-defined. By Lemma 6.3 and by (6.4.5), we get 



(6.4.9) H + i|| B = ||T m (/ fc ) - u {k+l)m (t k+1 )\\ B 

T m (v k + U km (t k )) - U (k+1)m (S^^itk + CT km (v k ))j 



B 



<2~ 1 ||t; fc || B <2 fe+1 ||i;o|| B 



Now, let us estimate ||/ fc+1 - T^ k+1 ^ m (g) From (6.4.5) and (6.4.9), we get 
(6-4.10) ||/ fc+ i - U(fc+i) m (tfc+i)|| B < Hufc+ills < 

From Lemma 6.2 and by (6.4.8), we obtain 
(6.4.11) 

Thus, by (6.4.7), (6.4.10) and (6.4.11), 



e 

2* 



«( fc+ i) m (tfc + i) - T^ m (g) b <M \t k+1 \ < 2M m+2 e 1 . 



f k+1 - T^ m (g) < \\f k+1 - u {k+l)rn (t k+l )\\ B 



+ 



II 



(fc+1) 



l)m {t k+l )-T^ m {g) 



B 



< 4: + 2M m+2 e 1 

- 2k 

<3M m+2 ei < e /M . 

This completes the induction. 

Now, we must prove (i), (ii), (hi) and (iv). Property (i) follows from 
(6.4.8). Let us prove (ii). By property (i) and Lemma 6.2, 



u kom (tk )-T k ° m (g) >M~ 1 e 1 . 



By (6.4.9), we get \\v ko \\ B < e/2 k ". Thus, by (6.4.7), we obtain 



T«° m (g + v)- T^ m (g) g = u kom {t ko ) + v ko - T^ m (g) 



> 



u kom (t ko )-T k ° m (g) 



B 



B 

KII B 



>M- 1 e 1 - 4r 
- 2 ko 

>e 2 ■ 

Let us prove (hi). By property (i) and Lemma 6.2, 

<T ko m(.u kom (t ko -T k « m g)) > £l /2 . 
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Using Lemma 6.2 yet again and (6.4.9), we have \o~ kom (v k „)\ < Me/2 ko . Thus, 
by (6.4.7), 

o kam (T k « m (g + v)- T k ° m g) | > | \a kom (u kom (t ko ))\ - \a kom (v ko )\ \ 



1 

>e 2 ■ 



M 



£2 
2 k « 



Finally, we prove (iv). Fix < k < ko and < i < m. Setting w k = 
T km^ _ T km (g) we have by (6.4.6) that \\w k \\ B < e /M < m where m is as 
in Lemma 6.3. Hence T km {g) + w k € 0$ and by Lemma 6.3, 



r (T km (g) + w k ) - u km+i (6 k ™ +i (a km (w k ))) 
On the other hand, by Lemma 6.2, we have 



< Bi\\w k \\ B ■ 



km+i 



(<?) 



<M m+2 \\w k \\ B . 



Therefore, 



T km+ \g)\\ B < \T (T km (g) + w k ) - u km+l (<5*™ + > fem M) 



+ hA6 k k ™ +i (<T k rn(w k )))-T 



^km+i 



<{Bi + M 



m+2\ 



which ends the proof. 



□ 



6.5. Local stable sets. Let us now consider the local stable set W £ {g) of 
T at g in B which consists of all points / € B(g, e) such that for all n > 0, we 
have T n {f) € B(T n (g),e) and 

||T"(/)-T"(<?)|| B ^0wheniwoc . 

Our aim in this section is to give a finite characterization of W £ (g) and prove 
that T contracts in the S-norm exponentially along W £ {g). This is done in 
Lemma 6.5 below (see also Remark 6.1). 

From now on in this section, we let m\ and £o > e\ > e 2 > £ be as in 
Lemma 6.4. For all sufficiently small < e < e 2 and for all / € B(g,e), we let 
= ko(g , /) and t k = t k (g, /) for k = 0, . . . , ko be as in Lemma 6.4. We write 
B(g, e) = V~(g) U V £ °(g) U V+(g) where 

V e ~(g) = {f € B(g,e) : -e < t ko (g,f) < - £l ) , 
V+(g) = {/ € B(g, e):e 1 < t ko (g, /)<£„}, 
V £ °(g)=B(g,e)\(V £ -(g)UV+(g)) . 
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Lemma 6.5. There exist an integer m and a positive constant C2 with the 
following properties. For all e > sufficiently small and for all g G K, the sets 
V~(g) and V e + (g) are open subsets ofB(g,e) (and so V e °(g) is relatively closed 
in B(g,e)), and for all f G V £ (g) 



(6.5.1) 



\Tt(f)-T*(g)\\ B <eC 2 2-V m . 



Furthermore, the local stable set W £ (g) is a relatively open subset ofV £ (g) and 
(6.5.2) 

W £ s (g) = {/ G V £ °(g) : \\P(f) - T*(g)\\ B < e, for all < j < mlogC 2 /log2} . 

Proof. The first assertion is a consequence of the definitions of V £ (g) and 
V £ + (g) and Lemma 6.4. It follows from property (i) of Lemma 6.4 that 

V £ °(g) = {/ G B{g,e) : \t k {g,f)\ < e 1: for all k > 0} . 

It also follows from property (ii) of Lemma 6.4 that if / G B(g, e) and \tk (g, f) \ 
> £1 then \\T kom f -T kam g\\ B > e where k = k (g,f). This shows that 
W £ (g) C V £ °(g), and therefore (6.5.1) implies (6.5.2). Furthermore, W £ (g) is a 
relatively open subset of V £ (g). 

It remains to show that if / G V^°(g) then (6.5.1) holds. Set 1 < A < M as 
in Lemma 6.2. Since > 2, by Lemma 6.2, there is m large enough such that 
S { km 1)m > Af _1 A m > (3 > 2 for every k > 0. By Lemma 6.4, for all fe > 0, we 
know that = tk(g, /) and = v k (g, f) are well-defined, and satisfy \t k \ < £\ 



and H^fclle < £2 . Furthermore, t k+ i = 5 



(fe+l)m 
km 



{tk + o- km (vk))- Since (5 



(fc+l)m 
km 



is C and ||cfc m ||g < M (see Lemma 6.2), there is cq > 1 so that 



+ r( fc +l) m + 



< 



?(fe+l)m 



+ o- km {v k )) - 8 



(k+l)m 
km 



(tk) 



+ 



<C (\\v k \\B + l^fcl 2 ) 

< Co (e2- k + \t k \ 2 ) . 

Hence (6.5.3) gives 

\t k \ < ec^- X 2- k + /S-^k+il + co/T 1 ^ 2 • 

Taking e (in Lemma 6.4) so small that cq(3~ 1 £ < 1/2, we get 

(6.5.3) \t k \ < 2 (\t k \ - co/3" 1 )^! 2 ) < £2c (3- 1 2~ k + 2(3~ l \t k+1 \ , 

for all k > 0. Since 2/3 -1 < 1, using induction in (6.5.3) and the fact that t k 
is bounded, we get \t k \ < £c x 2~ k with a = 2c (3- 1 / (l - 20- 1 ) for all k > 0. 
Now this estimate together with Lemma 6.2 gives 



\u k rn(tk 



-ikm 



B < M\t k \ < £ Cl M2~ k 
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Hence, using Lemma 6.4 again, we get 



km/ 



< \\vk\\B + 



u km (t k )-T km {g) 



B 



< e2~ k + e Cl M2~ k = ec 2 2~ k 



Therefore, by (iv) in Lemma 6.4, for all i € {1, . . . , m — 1}, 

rpkm+i _ rpkm+i 

which ends the proof. 



< M 



km/ 



< ec 3 2~ 



□ 



Remark 6.1. Note that since the constant C2 is uniform (independent 
of e) in the above lemma, inequality (6.5.1) can be improved to 

\\Ti(f)-Ti(g)\\ B <C'2-i/ m \\f-g\\ B , 

where C = 2C?,. Therefore, we have exponential contraction in B (along the 
local stable sets) in the strong sense. 



6.6. Tangent spaces. Our next goal is to show that V®(g) is a C 1 manifold 
provided e is sufficiently small. The first step towards this goal is to find the 
natural candidate for the tangent space at every point / <G V®(g). This will 
be accomplished in Lemma 6.7 below. The proof will require the following 
elementary bootstrapping result. 



Lemma 6.6. Let (a n ) be a sequence of real numbers such that, for some 
Co > and all n > 1, 

rt-l 

£0 
2 r ' 



(6.6.1) 



1. 



|On+l| < ^|«ri 



Then \a n \ < c\2~ n for some c\ > and all n > 1. 



Proof. We may assume that Co > 1. Let no > be such that cono/2 n ° < 
1/2, and set b = maxi<j< no {|aj |}. Then we see by induction from (6.6.1) that 
\a n \ < b for all n > 1, and so 

1 1 nbcQ 
\a n +i\< ^\an\ + -^- 

1, , ^3 
< -\a n \ + bc I - 

By induction, this yields |a n | < (26co)(|) n for all n > 1. Hence J2^=i \ a n\ < 
66co. Using (6.6.1) once more, we deduce that 

1 66cg 
K+i| < ^\a n \ + -gjr , 

for all n > 1. Again by induction, this gives |a n | < (246co)2 _ ™ for all n > 1, 
which is the desired result. □ 
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Lemma 6.7. There exist an integer m, constants C%,C4 > and e > 
small enough with the following properties. For every gel and for every 
f S V® (g) there exists a linear functional f >g £ C* with norm bounded from 
above by C3 and with the property that 

(6.6.2) \\DT*{f)v - <5g0/>H-| c < C 4 5i2-i/ m \\v\\ c , 

for allv eC and all j > 1. // go, gi G K and f G V®(gi) D V°(g 2 ) then 

&f, 9 ,\B = e f , g2 \B. 

Furthermore, the map ^ : {j g ^V^(g) — > i3* given by ^(f) = Of = Of,g\B 
(where g is any point ofK such that f E V®(g)) is well-defined and uniformly 
continuous. 

Remark 6.2. Condition (6.6.2) entails that for every g G K, B is the direct 
sum of the one dimensional unstable subspace Eg with the kernel of Of, i.e. 
B = Eg ker(6*/), provided / is sufficiently close to g. To see this, note that 
we can write 

V = OfivWfiUg))- 1 ^ +{V~ OfivWfiUg))- 1 ^) . 

Thus, from the continuity of / i-> Of plus the fact that g (u g ) ^ it follows that 
if / is close to g then u ff is transversal to ker(#j). The hyperplane ker(#j) is the 
natural candidate to be the tangent space of V®(f) at / since it corresponds 
to all vectors which expand under DT J (f) by a factor less than 5 3 . 

Proof of Lemma 6.7. Let e > be small enough such that Lemma 6.5 
is satisfied and eC 2 < v m (where v m is as in property B5 in Definition 6.1 
and C 2 is as in Lemma 6.5). Let R k = R fjk = (5$™) _1 DT mk (f) and write 
f k = T km {f), and g k = T km {g) for all k > 0. Then 

(6.6.3) R k+1 (v) = («C 1)m ) -1 DT m (f k )R k {v) . 

Let us take v € C with \\v\\c = 1. We can write R k (v) = a k u km + w k , where 
a k € 1R and w k £ C are defined recursively by Qo = 0, wo = v and 

(6.6.4) a k+1 = a k + a km (w k ) 

w k+l = a k (C +1)m )^ (DT m (f k ) - DT m (g k ))u km 
+ (C +1)m ) _1 (DT m (f k ) - DT m (g k ))w k 



Now, by Lemma 6.5, 

(6.6.5) \\fk ~ 9k\\ B < eC 2 2- k . 
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Since, by property B3 of Definition 6.1, the map / — > DT m (f)u km is Lipschitz 
at / = g k (as a map from B to C), for all k large enough 

(6.6.6) \\DT m (f k )u km -DT m (g k )u km \\ c < Cl \\f k - g k \\ B < c 2 2~ k . 

By property B5 in Definition 6.1 and (6.6.5), for all m large enough we also 
have 



(6.6.7) 



\DT m (f k )-DT m (g k )\\ c < 



Ak+l)m 
km 



Since, by property Bl of Definition 6.1, (C,T>) is p-compatible with (T, IK), by 
Corollary 4.2, for all m large enough, 



(6.6.8) 



Q{k+l)m-l 



< 



Jk+l)m 
km 



Using Lemma 6.2 and putting (6.6.6), (6.6.7) and (6.6.8) in (6.6.4) we get 



(6.6.9) 



\w k+ i\\ c < ^\\w k \\ c + c 3 2 \a k \ 
1 H I. c 3 M^ 



2 k 



3=0 



From (6.6.9) and Lemma 6.6, we deduce that ||iOfc||c < c^2~ k . Thus, by (6.6.4) 
we obtain \a k+ \ — a k \ < c^2~ k for all k > 0. Therefore, 0f, g {v) = \ima k exists 
and 

(6.6.10) \\R k (v) - 9f, g (v)u km \\ c < c 6 2" fc , 

for all v <G C with \\v\\c = 1- If v € C and \\v\\c / 1 then 9f, g (v) = 
\\ v \\c0f,g(v/\\v\\c)- By (6.6.10) and by Lemma 6.2, for all v,w E C, 

\0fM+0f,gW-0f,9(v + v)\ 

< M \\6f ; g(v)u km + 6f, g (w)u km - 9f, g (v + w)u km \\ c 

<M\\9 f ,g{v)u km - R k {v)\\ c + M \\6 f ,g(w)u km - R k {w)\\ c 

+M \\9f, g (v + w)u km - R k (v + w)\\ e 

<c 7 2- k (\\v\\ c + \\w\\ c ) . 

Hence, letting k go to infinity we deduce that 9f t9 is a linear functional in C*. 
Again by (6.6.10), ||0/, ff ||c is uniformly bounded and inequality (6.6.2) is sat- 
isfied for j = km. By (6.6.10) and by property B3 in Definition 6.1, for 
j = km + % with i G {1, . . . , m — 1}, 

(6.6.11) \\R j (v)-9 f:g (v)u j \\ c 

~ 1 DT i (T km f)(R k (v)-9 f ,g(v)u kn 



< 



zkm+i 
°km 



+ 



\DT%T km f) -DT\T km g))9 L g(v)u kr , 



<c 8 2" 



\C ' 
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which proves (6.6.2). In particular, there is Mo > such that 

(6.6.12) \\Rkj(v)\\ c <M , 

for all g G K, all / G V£(g) and all v G with = 1. 

Let us prove that the map / i— > 0/, s |iB is continuous from V^g) into £?* for 
every j£K, By property Bl of Definition 6.1, for every k > 1 the functional 
o"fc m is continuous on C and its norm is uniformly bounded. By property B2 
in Definition 6.1, the map / i— > -Rfc,/ is continuous from B into C. Hence, the 



mapping V^(g) — > £>* given by / 



• Rk,f is also continuous. By (6.6.11), 



(6.6.13) \a km o R kJ {v) - 6 f , g (v)\ = \a km {R k (v) - 9f, g {v)u km )\ 

<c 9 2~ k \\v\\ B . 

Therefore, the continuous maps / i— > c km oR k j converge uniformly to / i— > 
which implies that / — > Q^ g is also a continuous map from V®(g) to B* . 

Let us prove that Qf, g \B for / G UgeK^G?) does not depend on g G IK. 
We take / G {J geK V £ °(g) and 5o ,Si G K such that / G V;°( 5o ) and / G F £ °( 5 i). 
By Lemma 6.5, for every k > 1, 



T fcm ( 5l )-T fcm ( 5o 



< 



T km ( gi ) -T km (f) 



■km/ 



+ 



T fcm (/) - T fem ( 50 ) 



< c 10 e2- fe . 



By property Bl of Definition 6.1, the map g *— ► <7 ff from IK into C* is uniformly 
continuous. Hence, for every e > there is ko > large enough such that for 
all k > ko and all u> G C with ||w/||e < Mo, 

(6.6.14) |cT*m( gi) (w) - cr Tfcm(9o) (w)| < e/2 . 

By (6.6.12), (6.6.13) and (6.6.14) and taking /c large enough, we get 

\6f,gi( v ) ~ e f,g (v)\ < \0f, gi (v) - ot^{ 9i ) o i2fc,/(«)| 

+ l^-foO ° - ^"(sb) ° Rk,f(v)\ 

+ \a Tkm(go) oR kJ (v) -6 f , go (v)\ 

< 2c 9 2~ k + e/2 < e 

for all -u G £> with = 1. Thus, Of, gi (v) = Of,g ( v ) an d so the map ^ is 

well-defined. 

Let us prove that the map ^ is uniformly continuous. For every ao > 0, 
we choose ko > large enough such that 2c 9 2~ ka < ao/3. Since the map 
g — > c g is uniformly continuous, there is Qi > small enough such that for all 
go,gi S IK with ||<?i — golle < a i an d all u> G $ with ||w||e < Mo, 

(6.6.15) \ cr gi( w ) ~ <Tg ( w )\ < «o/3 . 

Choose fei > ko large enough such that eC22" kl < ai/3 where C2 > is the 
constant of Lemma 6.5. Since T : Ob — > C is a (7 1 operator, by property B2 
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of Definition 6.1, (and compactness of K), there is a 2 > small enough such 
that for all /o € V®(go) and f\ € V®(gi) with — /o||s < «2 we obtain that 
\\T kim (fi) - T k ^ m {f )\\c < ai/3. Hence, by Lemma 6.5, 



(6.6.16) 

T kl ' m (g\) — T kim (g 



< 



+ 



r fcim ( ff i)-r feim (/i 

T fcim (/o)-r fcim (<7o) 



c 



+ 



Tklm{h) _ T , lm{fo 



k 1 m/ 



<2eC 2 2~ kl +ai/3 < «i . 

By (6.6.15) and (6.6.16), 

(6.6.17) |a Tfel n, (gi) oi? fel)/l (u) - a Tfeim(go) o R klJl (v)\ < a /3 . 

Using property B2 of Definition 6.1, choose < «3 < a 2 small enough such 
that for all ft & U 9 e=K^(s) with \\ft - / || 

H^j.W-^joWllc^aoASM) , 
where t> G £> with = 1 and M is as in Lemma 6.2. Hence, 

(6.6.18) |^t*i-( 9o ) oR klJl (v) - a Tkim{go) o R klJo (v)\ < a /3 . 
By (6.6.13), (6.6.17) and (6.6.18), we obtain that 

\0fM ~ <?/o(«)l < |#/» " ^rn-ko ° ^,/»| 

+ |<^T*i'»( fll ) R^hiv) ~ <JT^(g ) ° ^fci,/i(«)| 
+ k^i-( 9o ) #fci,/i( u ) - ^i-teo) O («)| 
+ |^( 5 „)°%,/„(f)-fl/ W| 

<2c 9 2" fcl +2q /3 < a . 
Therefore, the map is uniformly continuous and Lemma 6.7 is proved. □ 

6.7. The main estimates. Besides aiming at proving that the local stable 
set is a C l manifold, we want to show that the local hyperbolicity picture holds 
(in B) near EC. In other words we want to show that if the iterates T km (ft) 
of a point ft G B(g,e) remain in B(T km (g),e) for a long time, that is for 
k = 0,1,... ,N with N large, then ft has to be very close to a point /o on the 
stable set W^(g) at the outset, and in the end T Nm (ft) has to be very close 
to the unstable manifold W?(T Nm (g)). 

To prove these facts, we consider in this section (see Lemma 6.11) an 
intermediate time I for which we can find a good quantitative estimate for the 
point on the unstable manifold W^(T lm (g)) that best approximates T lm (fi). 
This estimate is provided by the value of #/ (/i — fo), and its most important 
consequence is obtained when ft also belongs to the local stable set W£(g). 
In this case we prove an inequality of the form |0/ o (/i — /o)| < C\\f\ — /o||g +r 
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(see Lemma 6.12). As we shall see in §6.8, this is precisely what is needed to 
show that the tangent space to the stable set at /o varies continuously with Jo- 
in this section we fix m large enough and £o > £ i > £ 2 small enough such 
that Lemmas 6.4, 6.5 and 6.7 are satisfied for all e < Ei suficiently small. 

Lemma 6.8. There exist constants Cs,Cq,e > with the following prop- 
erty. For all g G IK, all /o € V®(g), and all f\ € B{g,e) such that \\f\ — /o||c < 

c 5 (<5oT\ 



T k (h) - T k (f ) - DT k (f ) (fi ~fo) c < C 6 {5 n k )- p 



(6.7.1) 

for all < k < ko(g, fi), where 

k (g, h) = min { j € {0, . . . , n} : ||T'"(/i) - T^g)\\ B > e } 
and p > 1 is as in property B4 of Definition 6.1. 

Proof. By Lemmas 6.2 and 6.7, there are cq,ci > and A > 1 such that 



(6.7.2) 



DT k-i ^fo) 



< c <Sf and 5 k > ciA* 



for all < % < k. Define a sequence v i G C as follows: t>o = — T(fo) and 

«i = ^(/i) - r(/o) - (r-^/o)) (T*- 1 ^) - T-^/o)) , 
for all < i < k. Hence, 

i 

(6.7.3) T\h) - T(f ) - Df(/ ) (/i - /o) = £ (T^o) ^ • 

3=1 

Applying property B4 of Definition 6.1, we get 



(6.7.4) 



|vi + i||c<c2||r*(/ 1 )-r , (/o)||J 

<c 2 



J'=l 



Let us first choose C% > such that 



(6.7.5) 



Cl~" > c 2 



2c c 1 



for all < z < fc, and then choose C5 > such that 



(6.7.6) 



c p 5 < 



C2 



C 5 < 



Let us prove inductively for i = 1,2, ...,k that ||i>i|| c < Cq (5f) p . Using 
inequality (6.7.4) and (6.7.6), we get 

ihiic < C2 ha - h\\ p c < j0wr p < c ^r p ■ 
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Using the inequalities (6.7.2), (6.7.4), (6.7.5) and (6.7.6), we get 



(0.7.7) \\v i+1 \\ c <c 2 [c 5 c 5 l (5^r 1 + J2c S}C 6 (5jy 

j'=i 

p 



which ends the induction. Thus, using (6.7.2) and (6.7.7) in (6.7.3), we get 

k 

T k {h) - T k (f) - DT k (f) (h -/„) <J2 c o^Ce (<$? 



< 



1 - A 1 -^ 



This proves the lemma. 



□ 



Lemma 6.9. Let C^^Cq^e > 0, p > 1 and ko(g,fi) be as in Lemma 6.8. 
There exist Cj,Cs > swc/t i/iai /or a// g £ K, all /o G V^°(<7) and a// /i G 
£( 5 ,e) swca that \\h - / || c < C 5 (6%y\ 

(6.7.8) ||r fc (/!) - T k (g) - S k 9 fo (h - /„) u fe 

< C 6 (^)" p + eC 7 2- fc / m + C 8 2- fc / m (o^ 1 

for all k < fo{g,fi). 

Proof. By Lemma 6.7, 

(6.7.9) \\DT k (f ) (/i - / ) - o fe # /o (/x - /o) u fc || c < C 4 2" fc / m (o^ 1 . 
By Lemma 6.5, we obtain that 



(6.7.10) T k (f )-T k (g) 



< co 



T k {h)-T k {g) 



< ec C 2 2 



-k/m 



Combining (6.7.1), (6.7.9) and (6.7.10), we get (6.7.8). 



□ 



Definition 6.2. Given g G IK and p > 1 we denote by I = l(g,p) the 
smallest integer such that 

(6.7.H) (cy < 2' , 

where p > 1 is as in property B4 of Definition 6.1. 
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Lemma 6.10. (i) There exist < fj,o < A*i < 1 with the property that 
HoP < I = KdiP) — HiP f or all g GK and all p > 1. 

(ii) There exists < t\ < 1 such that for all g G K and aZZ /oj/i £ B(g,e), 

if || /o - /i||c > C 5 (^ p+1)m ) _1 i/jen (O" 1 < C 9 ||/o - where C 9 

depends only upon C$ > 0. 

Proof. Let us prove part (i). Set 1 < A < M as in Lemma 6.2. Then, by 
(6.7.11), 

plogM -1 + (pm — /m)plog A < plog<5f™ < Hog 2 < Im log 2 . 
Hence, 

log 2 \ logM- 1 pm 

1 + — j Im > — h pm > — , 

p log A / log A 2 

for all p such that pm > Nq = max{2m, 1 2 log M" 1 / log A|}. Thus, taking 

we get /j,'qP < I for all such values of p. By (6.7.11) and by Lemma 6.2 there 
exists a uniform constant < cq < 1 such that cq2 1 < (Sf™) P and so 

log Co + I log 2 < p log 5f™ < p(pm — Im) log M . 

Letting a = log 2/ (plogM) > and (5 = logco/ (plogM) we get 

Im (l H ) < pm — (3 < pm ( 1 H ) 

V mJ V 2m J 

for all p > — 2(3 /a. Thus, taking 

, 2m + a 

< fi[ = — r < 1 

^ 2{m + a) 

we obtain that Im < fi^pm for all such values of p. Since 5 g varies continuously 
with g in the compact set K, we can extend the previous results to all p > 
for some po < A*o an< ^ Mi > Mi- 

Let us prove part (ii). Take < t\ = (1 — pi) log M/ log A < 1. Then, by 
Lemma 6.2, 

(<C) _1 <c \- (p - l)m < c \-^-^P m 

< C0 M-^ m < c1 lo ^ p+i)m y Ti 

<ci||/o-/i||£ . □ 
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Lemma 6.11. There exist e > sufficiently small and C\o > such that 
the following holds for g € K, fo € V®(g) and f\ G B(g,e). If p is the largest 
integer such that 

||/i-/o||c<C75(0" 1 
then I = l(g,p) < ko = ko(g, f\) and so t[ = t[(g, fi) is well-defined (where I is 
as in Lemma 6.10, ko and t[ are as in Lemma 6.4, and C$ > is as in Lemma 
6.9). Furthermore, 

(6-7.12) \ tl - C0 fo (h ~ h)\ < Cm (C)"" 

where p > 1 is as in Lemma 6.9. 

Proof. Let feo = ^o(5S /i) be as in Lemma 6.9. Let us prove that I < ko. By 
(iv) in Lemma 6.4, mko < ko. Hence it is enough to prove that min j/m, fcoj < 
mko- Let e > be small enough such that Lemmas 6.8 and 6.9 are satisfied. 
Let us show that Im < ko- By inequality (6.7.8), for all k such that mk < ko 
we have 

(6.7.13) \o- km (T km {h)-T k ™{g)) 

< hkmWc (St \0f (/i - /o)| + co (C)" 1 + ^i2- fe ) . 

By Lemma 6.2 and Remark 6.2, there is M\ > 1 such that Mj~ 1 < ||<Tfe m ||c 
< Mi and Mf 1 < ||6» /o || c < Since by Lemma 6.2, we have (f^™)^ < 

MX -{p-k)m we deduce that 

(6.7.14) ^ m |#/ (/i - fo) I < (0 _1 INIc < MMiA-^^" 1 . 

By Lemma 6.10, there is < fi± < 1 such that for all p > and all fc < I we 
have p — k > p — I > (1 — Now, we make e > small enough (and so p 

large enough) such that the following inequalities are satisfied 



(c + Mi)MA-( 1 ^ 1 ) pm < 



£2 



2||crfc m ||e 



e Cl 2- k < 1 



4||Cfcm ||c 



for all k such that km < min{/m, ko}. Therefore, for all such k, combining 
(6.7.13) and (6.7.14) we deduce that 

(6.7.15) \o km (T km (f 1 )-T km (g))\<e 2 . 

Since fi € B(g,e) and (6.7.15) reverses the inequality (iii) in Lemma 6.4, we 
obtain that min{7m, ko} < mko, an d so / < ko. 

Now, let us prove (6.7.12). Since I < ko, by (6.4.5) and (6.4.6) in Lemma 
6.4, there is ti = ti(g, f\) such that 

(6.7.16) \\T lm (h) - u lm {ti)\\B < e2' 1 < e (CP ■ 
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Since Im < ko, by lemmas 6.9 and 6.10 we get 

\\T lm (h) - T lm (g) - Sl n lm \\ c < c 2 (O"" , 
where s/ = S l m 9f (fi — /o). Thus, using (6.7.16), we obtain that 

Ihmfa) " T lm (g) - Sl u lm \\c < c 3 (SZT P ■ 
Since t — > ui m (t) is C 2 as a map R — > C, 

||«im(sj) - ^ /m (s0 - S;U im || C < C 4 sf 

rZm 



= C 4 

<<*(C) 



C^/o(/l-/0) 

-2 



Therefore, 

\\ui m (ti) - ui m {si)\\ c 



< himiti) - T lm {g) - Sl u lm \\ c + \\u lm ( Sl ) - T lm {g) - Sl u lm \\ c 

<c3(o- p +c 5 (cr 2 
<<*(cr , 

because 1 < p < 2. Hence, applying Lemma 6.2, we get 

\ti -s t \< M^WuUU) - u lm ( Sl )\\c < c 7 . 



□ 



Lemma 6.12. There exist constants r, e, C > wni/i £/ie following proper- 
ties: for all g G K and a// /o, /i £ ^°(5)> 

IM/i-Zo^cMI/i-Zoll^ . 

Proof. We shall in fact prove a stronger inequality, with the C-norm re- 
placing the £>-norm. Let e > be so small that Lemmas 6.8 to 6.11 are satisfied 
(e > will be made even smaller in the course of the argument). Let p be 
such that C , 5(5 " ( ' P+1 - )m ' < ||/o — fi\\c < C^Sy 1 *" 1 where C5 > is as in Lemma 
6.8. As in Lemma 6.4, set ko = ko(g,fi), tj = tj(g,fi) and Vj = Vj(g,f±) for 
all < j < ko. Also, let I = l(g,p) be as in Lemma 6.10. By Lemma 6.11, 
we have I < ko and so t\ is well-defined. Thus, applying Lemmas 6.4, 6.5 and 
6.10, we get 



\ui m (ti) - u lm (0)\\ B < uUU) - T lm {h 



+ 



T lm (h) - T im (g) 



lm 1 



<eco2- l <ec (5Zr P ■ 
Hence, by Lemma 6.2 we see that \ti\ < c\ (Sf™) p . Let us write tj 



a* 5? 



pm 
jm 



) 1 for / < j < k (g,fi). Recalling that 5^ 1)m > f3 > 2 for all j 
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and using Lemma 6.10, we have 

(6.7.17) (CT 1 < and (C)"^ 2 

where t 2 = (1 — H\){p — l)/2. Hence, making e > smaller if necessary (and 
so p large enough) , we get 

(6.7.18) ai < 4" 1 (Cr (P ~ lV2 < 4~ 1 /3- T2P < ei/2 . 

By Lemma 6.4, we have < £2 _J and = ^J" 1 ^" 1 {tj + <7j m (vj)). Since 

i h- > ^■^ hl ' )m (t) is C 2 as a map E — > C, we deduce that 

<c 2 (\tj\ 2 + HujIIb) 



t j+ i-<& +1)m t, 



Therefore, 
(6.7.19) 



<c 2 {\t j \ 2 + e2-i) 

<c 2 (\t j ? + e2-W(5Z)- p ) ■ 

- °yl < <* («, 2 /3- ( ^ +1) + e (2/3)-«-0 (C)" (P_1) ) 



We prove that ko(g,fi) > p. To do this, we need to show that \tj\ < s\ for 
all j < p. We prove by induction a slightly stronger statement, namely, that 
ctj < 2 _1 {&f™) ^ < £i for all j = I,..., p. This is certainly satisfied 
for j = /, as can be seen from (6.7.18). Suppose it is satisfied for on for all 
i = /,... ,j. Using (6.7.17) and (6.7.19), and making e > even smaller (and 
thus p large enough) , we get 



(6.7.20) \aj+i - ai \ < ^ \aj+i - Qj\ 

i=l 



-(p-1) 



< 



C2/3" 1 



+ 



4c 2 e 



4V1-/3" 1 l-(2/3) 

/ 1 /rt>m\-(p-l)/2 
- 4 l°/m J 

>-(p-l)/2 



-r 2 p ( a>m\-(.P- 1 )/ 2 



r /?" T2P (<C) 



-1 /rpm\-(p-l)/2 



< El 



Since a, < 4" 1 (O > we deduce that a i+i ^ 2 ^ (O" 

(in particular j + 1 < ko(g, f±)) which ends the induction. 

Now set Sj = Sj(g,fo,fi) = b^Ofaifi — fo) f° r an j- Let us estimate 
\t p — s p \. By Lemma 6.11 and the above estimates on ay's, we have 

(6.7.21) \t p - s p \ < \a p - a, | + C |t< - «| < c 3 (CT^ ■ 
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On the other hand, from Lemmas 6.4, 6.5 and 6.10, we also know that 

\\u pm (t P ) - u pm m\ B < h P m(t P ) ~ T pm (/i)ll B + \\T pm (fi) - T^(g)\\ B 
< ec 4 2~ p . 

Hence, again by Lemma 6.2, we have \t p \ < ec^T v . Since p > I, we deduce 
from Lemma 6.10 that 

(6.7.22) \t P \ < ec 5 2- 1 < ec 5 {SZ)- p . 

But Lemma 6.10, also tells us that there exists t\ > such that (6f^) 1 < 
cell/o - h\\c- Moreover, (<5g m ) _1 < c 7 ||/ - fi\\c by hypothesis. Therefore, 
combining these facts with (6.7.21) and (6.7.22), we get at last 

|e/b(/i-/o)|<(0 _1 W 

<(^cr 1 (\tp\ + \tp-"p\) 

<(o _1 («* (c)- p +c 3 (<cr (p_1)/2 ) 

which finishes the proof. □ 

6.8. The local stable sets are graphs. We shall prove now that the local 
stable set of every go G K in a sufficiently small neighborhood of g is the graph 
of a function defined over Ker9 g n B (and with values on the one-dimensional 
subspace Mu g C B). The idea is to show that every "vertical line" of the form 
/ + Ru 9 with / close to g cuts the local stable set W^(go) exactly at one point. 
All other points in the same vertical line escape exponentially fast away from 
W e s (<7o) under iteration by T and the time k^m each such point / takes to 
escape is logarithmic on the reciprocal of its distance to W^(go)- Moreover, 
T k ° m (f) will be exponentially close (in k ) to (T fc ° m (g )) . 

Proposition 6.13. There exist < ao>«i>«2 < e, < fio < fii and 
Mq > 1 with the following properties. If go G K and g G K is such that 
\\g ~ 9o\\b < a o, then for every v G Ker 9 go n B with \\v\\b < a±, there exists 
—02/2 < r(g,v) < 02/2 such that 

(i) fr(g,v) =9o + v + r(g,v)u go G W £ s (g) C V £ °(g); 

(h) ft = 9o + v + tu go € V £ + {g) for all r(g, v) < t < a 2 ; 

(hi) ft = 9o + v + tu go G Vf(g) for all -a 2 < t < r(g, v); 

(iv) -fi log(\t -r(g,v)\) < k (g,ft) < logfli - r(g, v)\), where k (g,(f> t ) 
is as in Lemma 6.4. 
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Proof. Let e > be sufficiently small such that Lemmas 6.8 to 6.11 are 
satisfied and < e' < e such that Lemma 6.5 is satisfied. Let M > be as in 
Lemma 6.2 and take positive numbers a.\ and a 2 such that 

(6.8.1) < 8qiM < a 2 and a x + 2a 2 M < e'/2 . 

Take g £ K and / G V £ (g ) with \\f - g\\ B < e'/2. Let v G Ker go n £ with 
< «i, and tell with 2M||v||s < \t\ < 2a 2 . By the second inequality in 
(6.8.1), we have fa = f + v + tu go <G B(g,e) and \\fa — q\\b < e' for all |t| < 2«2- 
Now, we have the following claim. 

Claim. The family fa satisfies the following property: 

ffi o 2l / <k€V+(g), if 2M\\v\\ B < t < 2a 2 

{ ' ' ' I fa € V7G?), if - 2a 2 < t < -2M|| V || B . 

To prove this claim, let C5 > be as in Lemma 6.8 and let p be such 
that C 5 4 P+1)m < ||& - f\\c < C 5 5 p m . Set fc = k (g,fa), tj = tj(g,fa) and 
Vj = Vj(g,fa) for all < j < fco as in Lemma 6.4. Set Sj = Sj(g,f,fa) = 
5 3 m 9f(fa — /)■ Set Z = l(g,p) as in Lemma 6.10. By Lemma 6.2 and Remark 
6.2, there exist cq > 1 and «o > sufficiently small such that if \\g — </o||s < «o 
then 

(6.8.3) Co 1 !*] < \9 f (fa-f)\ <co\t\ , 

(when ||/ — g\\js < e' /2 and e' > made smaller if necessary). Since tu go = 
fa — f + v and 2M||f ||e < \t\, by Lemma 6.2 there is c\ > 1 such that 

(6.8.4) c- 1 (S^T 1 < \t\ < ci (5 p m y l . 
Hence, by (6.8.3), we obtain that 

^ 1 (Cr 1 <iw*-/)i<c2(cr 1 • 

Thus, 

(6.8.5) ^ (cr 1 < n < C3 (cr 1 • 

Recall that <5^ 1)m > /3 > 2. By Lemma 6.10 we get (<5f™) _1 < ^-(i-fiW. 
Let us suppose from now on that Of (fa — f) is positive and so si > 0. Hence, 
by Lemma 6.11, by (6.8.5) and making a.\ and a 2 smaller if necessary (and so 
p large enough), we obtain that 

(6.8.6) *,>*,- |*, - 3,| > Sl (l - c 4 

> S/ (1 - C4 /r (p - 1)(1 ^ i)pm ) 

>s//2 > . 
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Thus, t\ is positive and so it has the same sign as Of (fit — /)■ By induction on 
j = I,. . . , fco(<70) 4>t) let us show that tj+i > tj and so that each tj is positive 
as well. By Lemma 6.4, \\vj\\e < s2~^ and ij+i = S^^ m {tj + aj m (vj)). Since 
t i ^ d£" 1)m (t) is C 2 as a map R -► C, we obtain that t j+1 - 5^ 1)m tj < 
c 5 (\tj\ 2 + IK lis)- Thus, 

(6.8.7) t j+ i > ptj - c 5 \tj\ 2 - c 6 e2~ j 

>tj(J3 - C5\tj\) -c 6 e2- j . 

Let £\ > be as given by Lemma 6.4 and recall that \tj\ < £\ and e < e±. 
Since (5 > 1 and by taking ei > sufficiently small, there is r' > with the 
property that /3 — c^\tj\ > [3 — c^E\ > 1 + 2r'. By (6.8.5) and (6.8.6), we get 

(6.8.8) tj(J3 - c 5 \tj\ - 1 - T , )>t j T l > Ur' > s lT ' /2 > c 7 (<5f™) _1 . 
By Lemma 6.10, 

(6.8.9) 2^<2- l <(5Zy P • 
Putting together (6.8.7), (6.8.8) and (6.8.9), we deduce that 

(6.8.10) t j+1 > (1 + t%- + c 7 " (©" 



Making a 2 sufficiently small (and so p large enough) and recalling from Lemma 
6.10 that I is a fraction of p, we obtain that c 7 (O^-c^e (<5f™) _p > 0. Thus, 
by (6.8.10), 

(6.8.11) t j+1 > (1 + t% 

which implies that tj+i has the same sign as tj and that <pt € Kr + (50- ^ we 
suppose that Qf {<j)t — /) is negative, the proof that ti is negative and that 
tj+i < (1 + r')tj follows in the same way for all j = fco(<7o> an< ^ so 

0t G V^T(^). Therefore (6.8.2) is satisfied and the claim is proved. 

Let us now prove the assertions of the lemma. Take f = go and consider 
the family <\>t = go + v + tu go . Since 2M|jt>|jg < 2Ma\ < a 2 /4, the claim tell 
us that 

<k€V+(g), if a 2 /4<t<2« 2 
4>t G V~(g), if - a 2 < t < -a 2 /4 . 

Thus, by Lemma 6.5, there is at least one value — a 2 /4 < r(g,v) < a 2 /4 such 
that 4> T (g,v) = go + v + r{g, v)u go £ V®{g). 

Next, take / = <j> T (g,v)i anc l define a new family ipt = <p T {g,v) +^ u g - Using 
the claim again, this time to the family ■i/'t (for which v = 0), we obtain that 



i>teV+(g), if 0<t<a 2 /2 
A£V~(g), if -a 2 /2<t<0. 
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Therefore, r(g, v) is the only value of t G R between — 2q2 and 2q2 such 
that 4>t e V®(g). Since \\4> T ( 9tV ) — g\\B < e' we deduce from Lemma 6.5 that 
4>r(g,v) £ Wz(g). This proves assertions (i), (ii) and (hi). 

Let us now prove assertion (iv). Set ko = ko(g,ipt)- Using (6.8.11) and 
then (6.8.6), we have 

(6.8.12) \t ko \ > (l + r , ) fc °- , |t,| > (l + T / ) fc °- | | J 5i|/2 . 
Combining (6.8.4) and (6.8.5), we see that 

(6.8.13) \ Sl \ > c^C (S^)' 1 > c 8 (3 l \t\ . 

Taking t" = min{l + t',/3} and putting (6.8.13) back into 6.8.12 we get 

(6.8.14) \t ko \>c 9 (r") k "\t\. 

By Lemma 6.4, there are < e\ < £q such that £\ < \tk \ < Eq. Thus, by 
(6.8.14), there is /io > such that ko > — /xolog(i). By Lemma 6.4, \tk \ < 
cg(5 k °\t\ and so there is /xi > [iq such that ko < — ^ilog(t), which proves 
assertion (iv). □ 

6.9. Proof of the local stable manifold theorem. It will follow from Theorem 
6.15 in this section that for every g G K. the local stable manifold at g is a C 1 
submanifold varying continuously with g. The proof of this theorem will use 
the following basic fact of calculus. 

Lemma 6.14. Let X,Y be Banach spaces, let xo £ X and consider a map 
£ : P>x{xo,e) — > Y whose image in Y falls within By (£,(xo) , e) ■ Suppose there 
is a bounded linear operator L : X — > Y such that for all v G X with \\v\\x < 

(6.9.1) U(xo + v)- £(s ) " L(v)\\ Y < c (\\v\\ x + ||£(x + v)- £(*o)||y) 1+t 

where Co > and r > 0. If co(2e) T < 1 then £ is differ entiable at xo and 
DZ(xo) = L. 

Proof. Say ||L(u)||y < a||u||x for some a > 0. Noting that 
\\v\\x + \\Z(x + v) - Z(x )\\ Y < 2e , 
we have from (6.9.1) that 

U{xo + v)- S(x )\\ Y <(a + c (2e) t ) \\v\\ x + co(2e) T \\Z{x +v)- £(x )||y 
whence 

ii/./ \ ,„ ^ a + co(2e) T 

||£(x + v) - £(xo) y < --. « U = ci H x • 

1 - co{2e) t 

Putting this back into the right-hand side of (6.9.1) we get 

U(xo + v)- £(* ) - L(v)\\ Y < c 2 (|M|x) 1+T 
and therefore D^(xo) exists and equals L. □ 
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For every g G IK and a\ > 0, let us consider the following sets 

E g>ai ={v £ ker 9 g : \\v\\b < ui} , 

F g = {g + tu g :teR} , 
Gg,a! = {g + v + tu g : v G Eg iOCl and t G R} . 

Theorem 6.15. Se£ < ao < «i < e and r(g,v) as in Proposition 6.13. 
For every go G K and every g G K mi/i ||g — go||e < a 0> map £ g : E g0;ai — > 
F 9o given fry = So + 7~(<7j w ) u g well-defined and has the following prop- 
erties: 

(i) TTie grap/i o/£ s is equal to W*(g) PI G 90)Ql ; 

(ii) £ 9 zs C 1 and varies continuously with g. 

Proof. Set «i < «2 < e and < no < /ii as in Proposition 6.13. By 
Proposition 6.13, the map £ s : E go>ai — > F 9o is well-defined and assertion (i) is 
satisfied. Let £ 9 : -F SOjQl — > R be given by £ 9 (t>) = T id, v ) where r(g, v) is given 
by (i) in Proposition 6.13. To prove assertion (ii), it is enough to show that 
£ g : E g0jCtl — > R is C 1 and varies continuously with g. Let v\,V2 G E g0jCei and 
set 

(6-9.2) h = go + Vl + ig( Vl )u go 

and f 2 = go + v 2 + £, g (v2)u go . By Lemma 6.12, we get 

9 fl {V2 - Vl ) + 9^)^) - ig{ Vl ))\ = \9 fl {f 2 ~ f{)\ 

< C (J|«2 - Vl\\t3 + \£g(v 2 ) ~ £g(vi)\) 

By Lemma 6.7, and taking e > sufficiently small, we have that 9f 1 (u go ) is 
uniformly bounded away from 0. Therefore, by Lemma 6.14, we deduce that 
£ g is differentiate at every v\ with derivative given by 

(6.9.3) Dtg(v 1 ) = -(e fl (ug ))- 1 6 fl . 

From Lemma 6.7, 9f l varies continuously with f\ and so D£ g (vi) also varies 
continuously in a neighborhood of v±. Hence, £ s is a C 1 map. 

Let us check that £ ff varies continuously with g in the C 1 sense and, more 
precisely, that the map Ifl £>(go, ao) — * C 1 (^9 ,an^) given by g i— > £ g is 
continuous. Taking into account that D£ g is given by (6.9.3) and that f\ 
is given by (6.9.2), and that by Lemma 6.7 the map f\ \— > 0/^ is uniformly 
continuous (as a map into £>*), we see that it suffices to prove g <—>■ £ g is 
continuous as a map into C (-E ffOiQl ,R). 

To do this, let v G E g0;ai be such that g = go + v + £ 9 (v)u 9o , take pi £ K 
with ||<7i — go ||e < oto and let w G Eg QyCXl be such that gi = go + w + £ 9l (w/)u So . 
Now, we have the following claim. 
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Claim. There exist c\ > and < 7 < 1 such that 

(6.9.4) c^\£ gi (w) -i g (w)\ l/l < < cil^H -4HI 7 . 
/or a// z G # 9o ,ai- 

Let us assume this claim for a moment. Its geometric meaning is that 
the distances between corresponding points of the graphs of £ 9 and £ 9l along 
the vertical fibers ({z} x F go ) are uniform. We want to control such distances 
in terms of \\gi — g\\ B . The above claim tell us that it is enough to control 
|£ 9l (u>) — £ g (w)\. Hence, write 

g-gi = v-w + (£ g (v) - i 9l (w)) u go 
= v - w + (a + b) u go 

where a = £ 9 (w;) — (w;) and 6 = £ 9 (w) — £ 9 (u;) . Since £ 9 is C 1 , we have 
\b\ < C2\\v — w\\b- On the other hand, since B = Ker6 go 01u 9o is a splitting 
into closed subspaces, there exists a constant C3 > such that 

max{||t> -w\\ s , \a + b\} < c 3 \\g - gi\\s ■ 

But then 

\a\ < \\g - gi\\B + \\v - w\\ B + \b\ 

<(l + C3 + C2C 3 )||5-5(i|| B . 

Hence £ g (w) — £ 9l (w) < Ci\\g — gi\\ B , and given the claim this proves that 
g 1— > £ g is indeed continuous. 

Finally, let us prove the claim. For each z G E 90jOll , let h = go + z + 
£ 9l (z)u go . Set 

t'k = tk(g, 91), 4 = t k(g,h), 

U' k = U T fcm( 9 )(^), "Ufc = U T km( g )(t'l) , 

as given by Lemma 6.4, and set (also as in that lemma) 

(6.9.5) k' = k (g,gi) = min{j : |^| > £1} 
k'o = k (g, h) = min{j : \t"\ > £1} . 

Applying Lemma 6.4, we obtain, for all k < mm{k' , k'^}, the estimates 
(6-9.6) || T fe-( 5l )_4|| B <2- fc || 5l - 5 || B 

\\T km (h)-uUB<2- k \\h-g\\ B ■ 
Since /i G W*(gi), we also have, by Lemma 6.5, 
(6.9.7) \\T km {h) - T km { gi )\\ B < ec 5 2- k . 
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Combining (6.9.6) and (6.9.7), we get 

IK -u'1\\b < c 6 2~ k . 
Hence, by Lemma 6.2, we get 

(6.9.8) Mg,gi)-t k (g,h)\ < c 7 2~ k , 

for all k < min{/cQ, /cq}. Using (6.8.11) together with (6.9.8), we deduce that 
there exists a uniform constant c% > such that 

(6.9.9) k' - c 8 < A# < k' + c 8 . 

On the other hand, applying (iv) in Proposition 6.13, we also have 

(6.9.10) -/x log(|r(flfi,«;) -r{g,w)\) <k' < -/j, 1 log(\T(g 1 ,w) -r(g,w)\) 

-A*olog(|r(fli,2) -T(g,z)\)<k% < ~m log(|r(^i, z) -r(g,z)\) . 

Combining (6.9.9) and (6.9.10) and noting that 

r(gi,w) = i 9l (w) , r{gi,z) = £ 9l (z) ,r(g,w) = £ g (w) and r(g,z) = | fl (z) , 
we get at last 

for some eg > 1. This proves the claim with 7 = //o/mi<1 and c± = eg. □ 

Remark 6.3. Note that by Proposition 6.13 there exists a uniform < 
e < e such that W~(g) C G g0:Cll for all <7o G K with ||po — S'Hb < «o- 

7. Smooth holonomies 

In the previous section we proved that a robust operator T has C 1 local 
stable manifolds through each point of its hyperbolic basic set K, and that such 
manifolds form a C° lamination (near each point of K). A natural question 
that may be asked at this point is this: how smooth is the holonomy of this 
lamination? To answer this question we shall assume that there exists a home- 
omorphism H : Q z — > IK of a finite- type shift space onto K which conjugates 
the two-sided full shift a : @ z — > IK to our robust operator T restricted to K. 
Under this topological assumption, and an additional geometric assumption 
concerning the unstable manifolds of points in the attractor -both of which 
are satisfied by the renormalization operator- we shall prove below that the 
holonomies of the local stable laminations are C 1+e for some 8 > 0. 

7.1. Smooth holonomies for robust operators. Let IK C Oa be a hyperbolic 
basic set of a C 2 operator T : Oa — > A which is topologically conjugated to a 



jUO//*l 



< 



Sgi( z )-Zg( z ) 



< Cg 



Mi /Mo 
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two-sided shift of finite type. For £o > small enough and for every g € K let 
t — > u g (t) be a parametrization of the local unstable manifold W™ (g). Set 

K g = X n and K g = u'^Kg) . 

Let 

V..,e k _ u e k = { {%) € B : 9] = 9 j for allj < k] . 

If iT(E... ; fe ) n K 9 ^ then denote by A. ..,#,.(<?) the smallest interval in R such 
that ti 9 (A ^(5)) 3 #J fllj. Let Ck{g) be the set of all these intervals 

A...a(2). 

Definition 7.1. We say that the local unstable manifolds W 7 ^ 1 (g) have 
geometry bounded by a > if for every g £ K, K g has geometry bounded 
by a > with respect to the collection (Cfc(<7))fc>o (in the sense of §3). 

Now suppose in addition that the operator T is robust with respect to the 
Banach spaces (B,C,V). By Theorem 6.1, the local stable manifolds of T in B 
form a C° lamination Let F : [—^0,^0] — * B(g,e) be a C 2 curve transversal to 
the stable lamination. Let Kp be the set of all values r G [—^o,no] such that 

f r = F(r)e |J w £ s o ( 9o ). 

g eKnW? (g ) 

The holonomy map <pp : F{Kp) — > W^(g) associates to each / r the point 
<pF{f r ) such that / r G {4>F{fr))- In local coordinates, the holonomy map 
(?V is given by ipp '■ Kp — > K g where ipF(t) = u g o <f>p o F~ 1 and Kp, K g C R. 
The C 2 curve F : [— ^o>A*o] - ► B{g,£) is an ordered transversal to the stable 
foliation if F is transversal to the stable foliation, <pp : F(Kp) — > W^(^) 
extends to /xo, /xo]) as a homeomorphism over its image such that 
<I>f(F(Kf)) = <j)p(F(Kp)) flK. 

We note that, by Remark 6.2 and by Theorem 6.15, there is E\ < Eq 
small enough such that a C 2 transversal to W £i (g) in a point / is an ordered 
transversal to the stable foliation in a small neighborhood of /. 

Theorem 7.1. Let K C Oa be a hyperbolic basic set of a C 2 operator 
T : Oa — ► A which is robust with respect to (B,C,T>). Suppose that there exits 
£0 > such that the local unstable manifolds W™ o (g) of g £ K have bounded 
geometry. There exists < e < eo with the property that for every C 2 ordered 
transversal F : [—Ho,fJ-o] — ► B(g,e) to the stable foliation in B, the holonomy 
4>p : F{Kp) — > W £ u o (g) has a C l+e diffeomorphic extension to F([— 1^0,^0]) for 
some 9 > 0. 

Example 7.1. As we know from Theorem 2.4, the renormalization oper- 
ator T = R N : Oa — > A is hyperbolic over K. As we shall see in Theorem 
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8.1, T is robust with respect to (A r ,A s ,A°) provided s > so with so suffi- 
ciently close to 2 and r > s + 1 is not an integer. By Theorem 2.1, there is a 
two-sided full shift topologically conjugated to T|K. By Lemmas 9.3 and 9.6 
respectively on pages 403 and 405 of Lyubich's paper [20], there is a > such 
that the local unstable manifolds W^ Q (g) have geometry bounded by a. Hence 
the renormalization operator T satisfies the hypotheses of Theorem 7.1. 

In what follows, the notation A = O(B) means that ^i l B < A < fi\B 
and the notation A = B(l± 0{C)) means that B{1 - fj, 2 C) <A<B(l + jjL 2 C) 
for some constants fi\ > I and ^2 > 0. 

The proof of Theorem 7.1 will be a consequence of the following lemmas. 

Lemma 7.2. For every C 2 curve F : [— /Uo,Mo] — > B(g,e) transversal to 
the stable foliation and for all r,t£ [—fJ-o, Mo] such that r < t, 

(7-1.1) ll/t-/r||* = 0(|t-r|) , 

\6 fr (ft-fr)\ = 0(\t-r\) , 

and for all s,r,t £ [—fJ-o, Mo] such that s < r < t, 

(7.1.2) W^^ = ^V\ il±0ilt ~ Sl)) ' 



\\8fMs-fr)\\ x 

where X £ {B,C,D}. 

Proof. By Lemma 6.2, there are ^1,^2 > such that for all r £ Kf, 
ll u r||;f > u i an d \8f r ( u r)\ > ^2- Since F is C 2 , 

ft-fr = (t-r)u r ±0(\t-r\ 2 ), 
fr (ft ~ fr) = (t- r)0 fr (u r ) ± 0(\t - rf) , 
and so (7.1.1) follows. Taking s < r < t, we get 

\\ft-fr\\ x _ \\u r \\ x \t-r\(l±Q(\t-r\)) 
\\fs-fr\\ x K||;J a -r|(l±0(| S -r|)) 
It 



r (i±o(|t-*D) • 



\s — r\ 

The second estimate in (7.1.2) is obtained in similar fashion. □ 

In what follows, it will be more convenient to denote <f>F(fr) by g^, F ( r )- 
We will also work with a fixed < e < £q for which Lemma 6.8 holds. 

Lemma 7.3. Set I = l(g^ F ( r )-,P) as in Lemma 6.10. Let F : [— Mo 5 Mo] — ► 
B(g, e) be a C 2 curve transversal to the stable foliation. For all p > suffi- 
ciently large and all s,r,t G Kp such that 

\t- r \ = ((^ m ) -1 ) and |s - r| = O (((5H" 1 ) , 
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we have 
(7.1.3) 



T lm Ut)-r m {f r ) 



lm I 



o 



\\T lm (fs)-T lm (f r )\\ c = o((5Zy 1 ) , 

\\T lm (ft)-T^(f r )\\ c \t- r \ , ((ffTWVi 
\\T lm (f 8 )-T^f r )\\ c \ 8 -r\\ U \y ^' )) ■ 

Proof. Using Lemma 6.2 and (7.1.1), we get 

\e fr (ft-fr)\ = o((6 p m r 1 ) and IM/.-/r)l = 0((O -1 ) ■ 

Thus, taking p sufficiently large and using Lemmas 6.9 and 6.10 we deduce 
that 



(7.1.4) T lm (f t )-T lm (f r ) 



lm i 



S>fMt~fr) 



±o 



rpm 
°lm 



P) 



=o((cr') ■ 



. This proves the first two 



Similarly, \\T lm (f s )-T lm (f r )\\ c = O 

inequalities in (7.1.3). Combining (7.1.1) with (7.1.4), we see that 

rt>m\ -p 
hm J 



\ T lm ift) _ T lm {fr) U \5 l m fr (ft-fr)\±O({6 i 



llTlm{fs) _ Tlm{mc ^^^^^o 

\e fr (ft-fr)\(i±o 



lm , 

im 
lm 



\6 fr (fs-fr)\(l±0 



rt>m\-(p-l) 
°lm ) 



Therefore, by Lemma 7.2, we get 



\\T lm (ft)-T lm (f r )\\ c _\t- 
\\T lm (f s )-T lm (f r )\\ c \s- 
and this proves the last inequality in (7.1.3). 



i±o 



((C) 



-0»-l) 



□ 



Lemma 7.4. Set I = I {g^ F ( r ),p) as in Lemma 6.10. Let F : [— /id A*o] — * 
B(g, e) be a C 2 curve transversal to the stable foliation. For every s € Kp and 
s > = ^ F [a) £ K g , 



T lm (f s )-T lm (g. 



lm/ 



< o 



Furthermore, for allp large enough and all s', r' , t' € K g such that s = r ipp 1 (s'), 



\t> -r'\ = o({5l m )' 1 ) and \s' - r'\ = O ((<Sg 
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we have 

\\T lm (ft)-T^(f r )\\ c \\T^( gt ,)-T^( gr ,)\\ c , f^ r (P-im 
\\T lm (f s )-T^(f r )\\ c \\T^(g s ,)-T^(g r ,)\\ c \ V lm > J J ' 

Proof. By Lemmas 6.5 and 6.10, 

\T lm (fs) - T lm (g s ,)\\ c < C 3 e2~ l < O ((Q ~ P ) ■ 

Thus, applying Lemma 7.3 to the transversal given by the local unstable man- 
ifold {g t } we get 



\\T^(f t ) - T^(f r )\\ c _ \\T l ™( 9t >) ~ T lm (g r ,)\\ c (l ± O ((Q" 



(p-i) 



WT^fs) - T^(f r )\\ c llTlm{gsl) _ Tlm(grl)llc (i ± o ((6Z)-^)) 

\T lm {g v )-T lm {g, 



V { g t ,,-i { g r , )llc , , 

\\Tlm( gs ,)- T lm(g r ,)\\ c \ \ Urn ) 



pm\ — (p— 1) 



□ 



Proof of Theorem 7.1. Let p > be so large that Lemmas 7.3 and 7.4 are 
satisfied and let t, s, r, t', s', r' be as in Lemma 7.4. First, a claim. 

Claim. We have 

\t-r\ = o((«5g m ) _1 ) and |s - r| = O ((CT*) ■ 

Assuming this claim for a moment, we finish the proof of Theorem 7.1 as 
follows. Set I = l(g r ',p) as in Lemma 6.10. By Lemmas 6.10 and 7.2, there is 
< n < 1 such that <5f™ < O (|f - r'| Tl ). Therefore, by Lemmas 7.3 and 7.4 
we deduce that 

(7 - L5) I- - r|" ||Z*»(/.) - T"»(/ r )|| c V ° ' J J 
"T lm (gt>)-T lm {g r 



it '" r ' 1 / l±o(|t'-r'r ( ^ 1)T1 )) • 



-i 



Since fC g has bounded geometry and by Theorem 9.5 on page 549 of [26], the 
inequalities (7.1.5) imply that the map ipp has a C l+e diffeomorphic extension 
to M for some < 9 < 1. 

Let us now prove the claim. Let p be such that \t — r\ = O ^^"j 
All that we have to show is that 
(7.1.6) \p-p\<0{\). 
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Set I = l(g r >,p) as in Lemma 6.10. By Lemmas 6.9 and 6.11, and the estimates 
in (7.1.1), for k < min{Z,/}, 



(7.1.7) T km (g t ,)-T km (g r ,) 
T km (f t )-T km (f r ) 



5 km 9 gr (g v - g : 



r', 



$ m 0fMt-fr)\±o((szy P + 2 



By Lemma 6.5, we get (for all k < min jz, Z 



(7.1.8) T km (f t )-T km (f r ) = T km (g v )-T km (g 



-ikrat 



-ikrai 



Jr' 



±0 2 



Let us consider separately the case (i) where p < p and the case (ii) where 
p>p. 

Case (i). Here I < I and by Lemma 6.10 we get 

(7-1-9) (C)" 1 <(C)" 1 2-'<0((0- / ') • 

By Lemma 7.3 applied to the transversal given by the local unstable manifold 

{gt}, 



T lm (g v )-T lm {g, 



(7.1.10) 
On the other hand, by (7.1 
T lm (f t )-T lm (f r 



Irai 



o 



((C)" 1 ) 



T lm (g t ,)-T lm {g r 



±o 



But 2~ l is much smaller than (<0 _1 - Hence by (7.1.10), 



lm 
-ilm I 



T lm (f t )-T lm (f r ) c = 0((C) 



(7.1.11) 

Thus, by (7.1.7) and (7.1.9), we deduce that 



-i 



±e> 



±0 2 



CGfMt-fr) = T lm (f t )-T lm (f r 

=0 ((C)" 1 ) ±o 

Since (Sf™) 1 is much larger than (j)f™^J , it follows that 

4 m M/*-/r)| = o((C) _1 ) • 

This shows that 

\e f Mt-fr)\ = o[(sry 1 ) ■ 

Therefore, by Lemma 7.2, we get \\ft — f r \\ c = O ((<5g m ) *)> which in turn 
implies (7.1.6). 
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Case (ii). Here I < I, and Lemma 6.10 tells us that 



(7.1.12) 



lm 



1 < ( 5? m ) 

\ lm J 



2~ l <0\ [5? m 

lm 



Applying Lemma 7.3, we get 



(7.1.13) 



O 



(sr 1 ) 

\ lm J 



T lm (f t )-T lm (f r 
On the other hand, by (7.1.12) and (7.1.7), 

\T im (ft) ~ T im (f r )\\ c = O (\5te fr (ft - fr)\) ± O ((<5f™) 

But (5^2) P is much smaller than (<5?™) \ Hence, by (7.1.13), we get 

(7.1.14) \T im {f t )-T lm {f r )\ c = o(^5{ m e fr {ft-fr)\) ■ 
By (7.1.8), we have also 

| T [m (/t) _ T im {f r )\ c = \T im (g v ) - T im (g r ,)\\ c ± O (2^) . 

But 2~ l < O ^ ■ Hence, again by (7.1.13), we deduce that 

(7.1.15) \T im {f t ) - T im (f r )\\ c = O (\\T lm (g t> ) - T im (g r ')\\ c ) • 



By Lemma 7.2 and (7.1.7), 



T lm {g v )-T lm {g r 



lm 



o { sr) )+o{ sr 



lm 



Therefore, by (7.1.13) and (7.1.15), 



T lm (g tl )-T lm (g r ,] 



O 



( <5? m 

V lm 



-1 



But then, using (7.1.14) and (7.1.15) once more, we deduce that 

\e fr (ft-fr)\ = o((srr 1 ) ■ 

Therefore, by Lemma 7.2, we get \\ft — / r || c = O {{S 1 ^ 11 ) ^ which in turn 
implies (7.1.6). □ 
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8. The renormalization operator is robust 

From the very beginning, our main goal is to show that the renormal- 
ization operator is "hyperbolic" in U r , provided r is sufficiently large. More 
precisely, we want to establish Theorem 2.5 and Corollary 2.6. We have already 
at our disposal an abstract theorem (Theorem 6.1) showing that any robust 
operator is indeed "hyperbolic" . Hence, our work has been essentially reduced 
to showing that the renormalization operator T, or any one of its powers, is 
robust (see Theorem 8.1 below). The proofs of Theorem 2.5 and Corollary 2.6 
will be given in §8.6. 

We emphasize the important role played by the geometric estimates of §5.2 
in the verification of properties B5 and B6 of a robust operator (Definition 
6.1) for an iterate of the renormalization operator (see §8.4). Properties B2, 
B3, and B4 are relatively straightforward consequences of the properties of 
the composition operator studied in §8.1 and are proved in §8.2 and §8.3 . 

In this section, we shall prove the following result (see §8.5). 

Theorem 8.1. Let T : © — > A be the renormalization operator given by 
Theorem 2.4. If s > so with so < 2 sufficiently close to 2 and r > s + 1 not an 
integer, then T is a robust operator with respect to (A r ,A s , A ). 

We shall present in the sequel complete proofs of all the estimates that are 
necessary for establishing the above result, carefully checking all the properties 
of robustness along the way. 

In our estimates we will often concern ourselves with a power T m of T. 
For each m > 1, let O m C O be the (open) set of those /'s which are mN 
times renormalizable. Then T m is well-defined in O m and we can write 

H/)4-/ PoA /' 

where p = p(f, mN), Xf = / p (0), and Aj : x i— > XfX is the linear scaling. Note 
that p (and hence A/ and A/) depends on m, but if m is held fixed then p 
is a locally constant function of / G O m . To keep track of the dependence of 
constants on m, we shall denote by K those constants that may depend on m, 
and by c those that are independent of m. 

Likewise, we define to be an open set in U r containing K, all of whose 
elements are mN times renormalizable, so that T m = R mN ; (Q r m — ► U r is 
well-defined. 

8.1. A closer look at composition. From a differentiable viewpoint, com- 
position is a notoriously ill-behaved operation. Such bad behavior is the source 
of most technical difficulties arising in this work. Fortunately, some positive 
results lie at hand. For example, it is well-known that if r is a positive in- 
teger then composition, viewed as an operator from C r x C r_1 into C r ~ x , is 
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a C 1 map (see [11]). We shall need not only this result but also a less well- 
known generalization of it for Holder spaces: ifr — 1 > s > 1 are real numbers 
then composition, as an operator from C r x C s into C s , is a C 1 map (we can 
say a little bit more - see Proposition 8.7 below). For related results on the 
smoothness of composition, see [19]. 

Before we can prove this fact, some auxiliary results are in order. In what 
follows, our definition of the C r norm of ip € C r (I) is this: for r = k + a with 
k € N and < a < 1 we write 

||y||c = max{||y?|| , ||y'||o, • • • , H^llo! llv (fc) IU} • 

For r = k + Lip we define ||y||c as above with a = 1. This norm is 
equivalent to the one introduced earlier in 5.1, and has the advantage that 
Hylic = max {|M|c°) Hy'llc- 1 } whenever r > 1. This allows us to prove 
certain estimates by induction on k, which will be very useful later. 

Lemma 8.2. Given < a < 1 and < e < 1 - a, let w G C a+£ (I), 
(p,ij> G C a {I,I) and ||V> - y||c < 1. 

(i) If e > then there exists K = if (|| V'Hc) > such that 



\W O if — VJ 1p\\ Ca < K\\w\\c<> + e \\<f 



(ii) If e = then there exist c > and K = K (HV'Hc) > such that 
\\w o (p — w o V'Hc < c||u;||c HV'llc 

+k\\ w \\caw - nh ■ 

Proof. Let us start proving part (i) of this lemma. By the mean value 
theorem, we obtain 

(8.1.1) \\w o ip — w o ip\\c° < |M|c+ e Hv 3 ~~ V'llc 2 - 

If \y — x\ < \\<p — V'Hc then 

\w o ip(y) -wo if( x )\ <co\\w\\c->+*\\<p\\ct e \\<P ~ i'WcAv ~ x \ a > 
\w o iP(y) - wo ^(x)\ < Ci||w||c+= HV'llc £ H^ - V'Hc \V - x \ a ■ 
If \y-x\> \\<p - V'Hc, by (8.1.1) then 

\\w o ip — w o (p\\ C o < C2||w||c+ E II y — V'Hc |y — x \ a > 

which ends the proof of part (i) of this lemma. 

Let us prove part (ii) of this lemma. By the mean value theorem, we 
obtain 



.1.2) \\w O (p — W O 1p\\ c a < \\w\\c\\<P ~ """" 



c- 
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Furthermore, 

\wo <p(y) -woip(x)\ <c 3 \\w\\c<*\\ip'\\c°\y ~ x\ a , 
\w o ip(y) —wo ip(x)\ < C4||«;||ca H^'llc \v ~ x \° > 

and so 

(8.1.3) 1 1 to o ip - w o ip\\c° < c 5 \\w\\c(\\(p' - Tp'\\c° + ll^'llc )" 

which ends the proof of part (ii) of this lemma. □ 

We shall need also some estimates on polynomial operators coming from 
simple algebraic considerations. For every polynomial P of degree d in n vari- 
ables xi,X2, ■ ■ ■ ,x n over R, define v{P) as the sum of the absolute values of the 
coefficients of P. This is a well-known valuation in the ring R[xi, X2, ■ ■ ■ , x n ], 
but all that really matters to us is that v(P+Q) < is(P)+i/(Q) (sub-additivity) , 
and that v{d x .P) < du{P). 

Lemma 8.3. Let P € R[xi,X2, . . . ,x n ] be a polynomial of degree d, and 
let fa, fa, ... ,§ n £ C S (I). Then, 

\\P(fa,fa,...An)\\c°<v(P)2 sd M d , 

where M = max{l, ||</>i||o, ||^2 lie- , • • • , ||^n||c«}- Moreover, if 'fa, fa, ... ,ip n e 
C S (I) also satisfy ||^i||c s < M for all 1 < i < n, then 

n 

\\P(fa,fa, ...An)- P(fa,fa, ■ ■ ■ , fa)\\ C ° < du{P)2 sd M d ~ 1 Ui ~ ll>i\\C' ■ 

i=l 

Proof. The first inequality is immediate from the definition of v{P). To 
prove the second, note that P : (C s (I)) n — > C S (I) is a C 1 map (norm of 
the sum in the domain of P). Using the mean value inequality and the first 
inequality, we see that 

\\P(fa, fa, ...,fa)- P(fa,fa, ...An) ||c- 

n 

<2 S sup max\\d Xt P(tfa + {l-t)fa,...,A n + {l-tAn)\\c^H l -fa\\c- 

n 

< 2 s (du(P)2 s ^M d - 1 ) £ Mi ~ 1>i\\c> , 

i=i 

which is the desired result. □ 

We can now use the estimate given in the above lemmas to prove the 
following general proposition. Let r, s > 1 be real numbers and for each w £ 
C r (I), let 

Q W :C S (I,I)^C S (I) 
be the operator given by & w (ip) = w o ip. 



800 



EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO 



Proposition 8.4. Let r, s > 1 be real numbers both noninteger, and let 
w € C T {I), ip,ip E C S {I,I) with \\ip - ij>\\ c . < 1. 

(i) If r > s then there exists K = K (\\y>\\c s ) > such that 

\\w o (p — w o i/j\\c° < K Italic \W — V'llc 3 

where e = min{l — {s},r — s} ({s} denotes the fractional part of s). In 
particular, Q w : C S (I,I) — > C S (I) is e-Holder continuous. 

(ii) If r = s there exists c > and K = K {\\tp\\c s ) > such that 

\\w o ip — w o ^Hcr < c||it;||cr || V'' + ^HHIo II V 9 ~~ l l J \\c r > 
where a = {s} is the fractional part of s. 

Part (ii) of the above proposition shows one of the main difficulties in this 
theory which is the fact that for w € C S {I) the operator Q w : C S (I, I) — > (7 s (I) 
is not even 

Proof. Let us write s = Zc + a, with an integer and < a = {s} < 1, 
and let 

A = woip — woip . 
Since w,ip,ip G C 1 and e < 1 — a, applying Lemma 8.2 we get 

\\A\\c° < Kill^llc 1 !!^ - V'llc' 1 • 
By Faa-di-Bruno's Formula (see [13], p. 42), for all 1 < / < k we can write 

A« = B l (<p) - B l (V) 

where 

= E ° ^ • p <^'' ■ • • > > 

each P;j being a (universal, homogeneous) polynomial of degree j in Z — j 
variables (with integer coefficients explicitly computable from Z and j; see [13, 
p. 42]). We only need the expression of P[j for j = Z; it is easy to check that 
Pl,l{4>') = {4>') ■ Then, we can decompose A® = Ci + Di, where 



Q = E ^ o v • (pij (V, ^, . . . , - P* ;J (V , . . . , Y>^)) , 

Di= Yj { wU) w(j) ° v>) • flj (V , V'", • • • , . 

By Lemma 8.3 applied to each Pij, 

Pi,j (V , </', <p (M) ) - Pis (f, v> (/ - j) ) | ca < K 2 y - vib • 
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Therefore, for all 1 < I < k we get 

\\Ci\\c° < ^"3 ll^llo- Hv^ 
Let us now rewrite D[ = £7 + F\ where, 



\c> 



l-l 



E, 



3=1 



,0) 



W yJ ' O Lf — W 



- 71,0') 



^)-P hj (y^\---A {l - j) ) , 



Fi = (w {l) o (p - w (9 o if?) ■ . 

In bounding the first summation in E\, we apply Lemma 8.2. Since w^\ip,tp 
is at least C 1 we get 

to 0) o ip — u;0) o 7^ 



< #4 



(?) 



for all, with 1 < j < I — 1. From this and Lemma 8.3, for all 1 < I < k we 
obtain that 

mwc* < K 5 \\w\\ C sy - ^wh'" ■ 

Our task has been reduced to bounding the C a norm of F\. Here, we will do 
separately the proof of part (i) and part (ii) of this proposition. 

Let us prove part (i) first. Here, for all 1 < I < k we have that tp, ip are at 
least C 1 and that is at least C a+£ , and so by Lemma 8.2 we get 

W^Oip — W^Olj} + < Kq\\w\\c" + " + ^ \\(p — ip\\ci ■ 

Thus, for all 1 < I < k we obtain 

\\Fl\\c° < K 7 \\w\\ C r\\ip - ip\\ E C e , 

which ends the proof of part (i). 

Let us now prove part (ii). We know that w^ l \(p,tp G C 1 for all 1 < I < 
k — 1, and so by Lemma 8.2 we have 



w^oip — w^oip < Ks\\w\\c'+o>+e \\ip — "011c 1 ■ 
Thus, for all 1 < / < k — 1 we obtain 

\\Fi\\c° < K 9 \\w\\ C r\\(p - 4>\\cs ■ 

Therefore, we just have to bound 1 1 i 7 ^ 1 1 • Here, is only C a . From the 
inequalities (8.1.2) and (8.1.3) in the proof of Lemma 8.2, we get 

■u/ fc ) o ip - o ip <ci\\w\\c\\ip - ip\\co , 



c° 



otp — w (K> O ip 



(k) 



< C 2 \\w\\ C r (ll^'llc-o + \\<P' - i>'\\ C oY 



and so 

ll^kllo <c3\\ip\\ k C i+*\H\c4v- i>\\c° 

+<*\mc4Hcr {\nco + \W-tf\\co) a > 
which ends the proof of part (ii) . 
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Lemma 8.5. Given < a < 1 and < e < 1 - a, let f G C 1+a+£ (I), 
g G C 1 ^,/) and i; G C 1 ^) with \\v\\c^ < 1 and g + v £ C 1 (/,/). T/iere exists 
K = K(II^Hci) > stic/i t/iat 

||/o( 5 + U )-/o 5 -/'o 5 . U || c „ < |M|^+ £ . 

In particular, there exists K = K (\\g\\ci) > such that 

\\fo(g + v) ~ fog\\ Ca < K\\f\\ C n+^\\v\\c^ • 
Proof. Note that we have the following identity: 

(fo(g + v)-fog-f'og.v)(x)= v(x) C [f'(g(x) + tv{x)) - f'(g(x))} dt . 

Jo 

Applying Lemma 8.2 with w = f , tp = g + tv and ip = g, we can bound 
the C a norm of the integrand by ^||/'||(7c.+e||w||^i. This proves the first 
stated estimate in slightly stronger form. The second estimate is an immediate 
consequence of the first. □ 

Proposition 8.6. Let 2<s + l<rbe real numbers, and let f G C r (I), 
g G C S {I,I). There exists K = K {\\g\\c°) > such that, for all v G C S {I) 
with \\v\\c° < 1 and g + v G C S (I, I), 

(8.1.4) \\fo(g + v)-fog-f'og.v\\ Ca <K\\f\\ C r\\v\\ 1 + e , 

where 6 = min{l — {s}, r— s— 1}. In particular, (a) the operator Qf : C S (I,I) — > 
C S (I) is C 1 and its derivative is given by D@f(g)v = f o g ■ v, and (b) there 
exists K = K {\\g\\c s ) > such that for all v as above, 



5.1-5) \\fo{g + v)-fog\\ C s<K\\f\\ C r\\v\ 



C" 



Proof. In this proof we use K\, K2, ... to denote constants that depend 
only on ||<7||c s - Consider the remainder term 

F = f°(g + v)-fog-f'og-v, 

as well as its derivative F' = A + B, where 

A=(f'o(g + v)-f'og-f"og.v)-g f , 

B= (f'°(g + v)-f'og) V . 
We want to show that 

\\f'\\ Cs <Ki||/||HNct e • 

The proof will be by induction on the integral part of s. Note however that the 
mean value theorem already gives us H^Hc* < -^2 1 1 /"He IMIc* independently 
of s. 
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First we deal with the base of induction, namely when 1 < s < 2, say, 
s = 1 + a. By Lemma 8.5, we have 

\\A\\ Ca < K 3 \\f>\\ c , +a+e (\\v\\ C i) 1+9 . 
The same Lemma 8.5 yields 

\\B\\ Ca < K 4 \\f'\\ C1+a+ e (\\v\\ C r +a ) 2 . 

This establishes the base of induction. 

Now suppose that our lemma holds for s > 1. We will prove from this 
that it holds for s + 1. To do this, it suffices to show that 

(8-1.6) \\F'\\ C , <tf 5 ||/||HHc"& ■ 

The proof is more of the same. By the induction hypothesis applied to /', we 
have 

(8-1.7) \\A\\ Ca <K 6 \\f'\\ c ^(\\v\\c^ +e . 

The same fact also gives 

(8-1.8) \\B\\ C . <K 7 \\f'\\ C r-i(\\v\\ C r + s) 2 . 

Putting (8.1.7) and (8.1.8) together we get (8.1.6), and so the induction is 
complete. □ 



Proposition 8.7. Let 2 < s + 1 < r be real numbers. The composition 
operator 9 : C r {I) x C S (I,I) -» C S (I) given by 0(f,g) = f o g is C 1+e and 
its derivative is given by DQ(f, g)(u, v) = u o g + /' o g ■ v. In particular, there 
exists K = K(\\f\\cr, ||<?||c s ) > such that, for all |H|c r < 1 and \\v\\c° < 1 
with g + v e C S (I,I), 

(8.1.9) ||e(/+«^+u)-e(/^)-£>e(/^)(u,i;)||c- < K(\\ U \\ C r + \\v\\cs) 1+e , 
where 6 = min{l — {s},r — s — 1}. 

Proof. In this proof, we denote by K\,K<i, ■ ■ ■ positive constants depending 
only on ||<?||c>. Let us take u € C r (I) and v £ C S (I) such that |H|c < 1 and 
IMIc s < 1) respectively. Now, 

F = Q(f + u, g + v) - Q(f, g) - u o g - f o g ■ v 

= f°{g + v)-fog-f'og-v + uo(g + v)-uog. 

Using Proposition 8.6, we see that 

||/ o (g + v) - f o g - f o g ■ v\\ c . < tfi||/|MH|c.) 1+ * • 



804 



EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO 



The same Proposition 8.6 with u replacing / yields 

\\u o (g + v) - u og\\ Cs < \\u og ■ v\\c + K 2 \\u\\cr(\\v\\c^) 1+9 

<K 3 \\u\\ C r\\v\\c° ■ 

Therefore we get 

\\F\\ C * ^^ill/llc-dlwIlcO^ + ^sllullcHkllc- , 
which proves that is C 1 and that (8.1.9) is satisfied. Now, we have that 
De(f + <f>,g + ^)(u,v)-D&(f,g)(u,v)=A + B + C 

where 

A = uo (g + — uo g , 
B={f'o(g + ^)-f'og).v, 
C = <f> o (g + iP) ■ v . 

By Proposition 8.4, we obtain that 

\\A\\cs<K4u\\ C r-4i>\\ d C s , 

\\B\\c°<K 5 \\f\\c4i>\\cs-\Mc°. 

Letting k be the integral part of s and if = g + tp, and using Faa-di-Bruno's 
Formula, we have 

fa' o = o if ■ P^f', • ■ ■ , V {k ~ j) ) , 

each Pkj being a (universal, homogeneous) polynomial of degree j in k — j 
variables. Hence, using Lemma 8.3, we get that ||C||c s = -KellA/llcHMIo- 
Thus, is a C l+e operator. □ 

Corollary 8.8. Let r,s>0be real numbers with r — 1 > s > 1 and for 
each positive integer m, let Q m : C r (I,I) — ► C S (I,I) be the operator given by 

Qm(f) = f m . 

(i) LetO <t < r and let U : C\l,I) -» C S {I,I) be a C l+e operator for 
some < 6 < 1. Then the operator U rn : C r (I,I) — > C S (I,I) given by 
U m {f) = Q m o U{f) is C 1+e ' for some < & = O'(0, r, s) < 1. 

(ii) In particular, the operator Q m : C r (I,I) —> C S (I,I) is C 1+e " for some 
< 9" = 0"(r, s) < 1 and there exists K = K (m, ||/||c) > such that 

(8.1.10) \\Q m (f + u)- Q m (f) - DQ m (f)u\\ C s < K\\u\\ 1 + e " . 
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Proof. First note that U m +i{f) = ®(f,U m (f)). The operator U\ arises 
as the composition of the operator C r (I,I) — > C r (I,I) x C S (I,I) given by 
/ (/, ^(/)), which is C 1+e because 17 is (7 1+e (and C r (I, 7) embeds in C*), 
with the composition operator : C r (I,I) x C s (7, 7) — > C s (7, 7), which is 
(7 1+e for some < 0" = 6"{r,s) < 1 by Proposition 8.7. The desired result 
for part (i) then follows by induction. Part (ii) is a corollary of part (i), and 
by a computation (8.1.10) follows from (8.1.9). □ 

Proposition 8.9. Let r, s, t be real numbers with 2 < s + 1 < r and t > 0. 
Let U : C*(7,7) -> C s (7,7) be a C l operator. Then for each <\> G C r (I) and 
each ip € C*(7, 7) there exists a function : M + — > 1R + iwit/i a^{h)/h —> as 
/i — > 0, varying continuously with ip, such that for all v € C*(7) witt ^ + w G 
C"(7,7), 

(8.1.H) ||^ o c/(y, + v ) - ^ o uty) - <j>' o uty) ■ du{$)v\\ c . < MHIcO . 

Proof. As before, we denote by Ki, . . . positive constants that depend 
only on ||^||c"- We have that 

(f> o U(il> + v)-(j)o U(if>) -<f/o U(ip) ■ DU(ip)v = A + B 

where 

A = <j> o U(tp + v) - <f> o U(tp) - <j)' o U{tp) ■ {U(ip + v)- U{$)) , 
B = (f>' o U(ip) ■ (U(ip + v)- U(ip) - DU{^)v) . 

Since U is C 1 , there exists a continuous function : M + — > M + with u^(h)/h 
— > as /i — > 0, varying continuously with -0, such that 

||*7(Y> + u) - Uty) - DU{i>)v\\ CB < MIMIcO • 

Hence, applying Proposition 8.6 with / = <j> and g = U(tp) and v replaced by 

U(tp + v) — U(ip), we get 

\\a\\ c . < K 2 \m C r (ii w + «) - 

<7Y 3 ||0||^(||^(V)|| 1+9 |kll^) , 

and 

||£|| C s<7C 4 |H|c^v>(IMb) , 

where K 3 = K 3 (\\U^)\\ C s, ||£>W)II> «V) and ^4 = tf 2 (|| W)||c.)- There- 
fore, 

||A + B|| C . <7i-3||0||cHI«llct e + #4|H|c'ity(N|c0 • 



This completes the proof. 



□ 
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Corollary 8.10. Let r,s,t be real numbers with r — 1 > s > 1 and 
<t < r, and let U : C*(i", /) — > C S (I,I) be a C 1 operator. For each positive 
integer n the operator V n : C r (I,I) — > C S (I) given by V n (f) = (f m )' o £/(/) is 
differentiable at every g G C r+1 (7, /) C C r (J, I), and as a map /rom C r+1 (I, /) 
into C(C r (I),C s (I)), the derivative operator g t— > DV n (g) is continuous. 

Proof. First note that by the chain rule, 

n— 1 rt— 1 

w) = n /' ° ° ^(/)) = n f ° ^(/) • 

j=0 j=0 

This reduces the problem to the case n = 1. We claim that the linear operator 

L{v)=i/oU{g)+gf'oU(g)-DU{g)v 
is the derivative of Pi at g € C r+1 (I, /). Indeed, we have 
Vi((/ + «)-Vi(<7)-L(«) + B , 

where 

A = 9' o U(g + v) - g' o 17(5) - g" o £/(<?) • 7Jl%)n , 
5 = «' o + w ) - v ' oU(g) . 

By Proposition 8.9 applied to <j> = g' and ip = g, there exists iTi = ^i(||s , ||c r + 1 ) 
such that 

||A|| C . < K^iMcr) , 

where : R + — > R + is a continuous function varying continuously with ^ such 
that a^p(h)/h — ► as /i — > 0. On the other hand, by part (i) of Proposition 8.4 
and since U is C 1 , we have 

||B|| c .<iir2||«||cr||l7(«7 + v)-^)llc« 
<*r 3 (Nlc-) 1+e , 

where < e = min{l - {s},r - s} < 1, K 2 = K2(\\U(g)\\c>) and K 3 = 
^3(11^(5) llc s ) 11-^^(5)11) <T v(ll' u llc ,T '))- Combining these inequalities, we deduce 
that V\ is differentiable at g and DV\(g) = L as claimed. It is clear from the 
expression defining it that L varies continuously with g G C r+1 (I, I). □ 

8.2. Checking properties B2 and B3. We now proceed to verify that the 
operator T satisfies properties B2 and B3 of robustness. They will follow 
respectively from Lemmas 8.12 and 8.13. First it is necessary to analyze the 
behavior of the linear scaling used in such operators. Let us fix a positive 
integer p and for each / G C r (I, I) let Af be the linear map x 1— > XfX, where 
A/ .PiOi- 
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Lemma 8.11. For r > 2, the maps A : C r (I,I) — > £(R,R) aiuen 6t/ 
A(/) = A/ and A : C r {I,I) -► R owerc 6t/ A(/) = A/ are fcotfi C 1+e /or some 
< 6 = 9{r, s) < 1. In particular, there is K = ET(p, ||/||o) > snc/i i/ia£ /or 
a// v G C r (I) with \\v\\ C r < 1 and f + v £ C r (I, I), 



The above inequality also holds when A is replaced by A. 

Proof. Choosing l<s<r — 1, we see that X = E o Q p where Q p : 
C r (/,I) -» C S (/,J) is the operator Q p (f) = p, which is C 1+e for some < 
9 = 9(r,s) < 1, and E : C S (I,I) — > R is the evaluation map E(<7) = #(0), 
which is linear. Therefore, by Corollary 8.8, A is C 1+d and (8.2.1) follows from 
(8.1.10) and the linearity of E. The proof for A is entirely analogous. □ 

We will also need to use the operators U n : C r (I,I) — > C S (I) given by 
U n (f) = foAj for all n > 0. 

Property B2 for the operator T is a consequence of the following lemma 
(the first assertion in B2 is actually a consequence of Lemma 8.14 below). 

Lemma 8.12. For 2 < s + 1 < r and for each n > 0, the operator U n : 
C r (I,I) -> C s (7) is C 1+e /or some < 9 = 9(r,s) < 1. /n particular, T m : 
O r m — > U s is a/so a (7 1+e operator. 

Proof. This follows at once from Lemma 8.11 and Corollary 8.8 applied 
to f7 = A. □ 

The following lemma is all we need to verify property B3 for the oper- 
ator T. In this case g is a map in the limit set K of T, hence analytic, and 
v = u g is a tangent vector to the unstable manifold of g, which is analytic as 
well. 

Lemma 8.13. For 2 < s + 1 < r, the map — > U s oiwen by f ^ 
DT m (f)v is differentiable at f = g G K. Furthermore, for every m > 1 
i/iere exisi C m > 1 and v m > such that for each g G K and / G u>ii/i 
11/ ~~ ffllo < v £ A r with \\v\\cr = 1, 



Proo/. Let E : C S (I,I) — > R be the evaluation map E(g) = g(0), which is 
linear. Recall that the derivative of T m is given by the expression 



(8.2.1) 



||A(/ + V )-A(/)-£A(/H| C r <#||t; 



(8.2.2) 



7Jr-(/)n-/Jr-(«)n|| C 3 <C m \\f-g\\ C r . 




i=o 



+ _L[ id . (T m f)' - T m f] ]T E ((/')' o ^(/)) ■ E (v o Up-,-_i(/)) , 



i=o 
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where A/ = E o f p and id : R —>■ R is the identity map. Each term of the 
first summation in (8.2.3) is differentiable at / = g. To see this apply Lemma 
8.12 and Corollary 8.10 to each of the operators / {f 3 )' o U p -j(f) as well as 
Proposition 8.6 to each of the operators / i— > v o U p —j(f). On the other hand, 
each term of the second summation in (8.2.3) equals the corresponding term 
in the first summation post-composed with the evaluation map E (which is 
linear), and is therefore differentiable at / = g. The analysis of the expression 
in square brackets in (8.2.3) is similar. By Lemma 8.11 and Corollary 8.10, the 
operator / i-> T m (f)' = (f p )' o Af is differentiable at / = g, and the operator 
/ i-> T m (f) = A/ • f o Aj is also differentiable at / = g by Lemma 8.11 
and Corollary 8.8. From this fact and compactness of K the inequality (8.2.2) 
follows. □ 

8.3. Checking property B4. The fifth property is verified in Lemma 8.16 
below. First we will need to prove the following two lemmas about the opera- 
tors Ui : C t+1+£ (I,I) -> C\I) with t > 1. Recall that Ui(f) =fo A f . 

Lemma 8.14. For every f G C t+1+£ (I, I) and all v G C*(7) with small 
norm and such that f + v E C l (I,I), 

\\Ui{f + v)-Ui(f)\\c*<K\\v\\c' 

for all < i < p where K = K (p, \\f\\c t + 1 +^)- 

Proof. Note that 

U i+1 (f + v)- U i+l {f) = foUi(f + v)-fo Ui(f) + v o Ui(f + v) . 

By Proposition 8.6, there is K\ = K\ (p, ||/||c'+ 1+e ) such that 

\\U i+1 (f + v)- U i+1 (f)\\c* < K^UiU + v)- ^(/)|b + \\vo Ui(f + v)\\c*. 

The required estimate now follows by induction, because Uq is C 1 . □ 

Lemma 8.15. For every f G C t+1+£ (I,I) and all v G C t+1+£ (I) with 
small norm and such that f + v G C t+1+£ (I, I), 

\\Ui(f + v)- Ui(f) - DUi(f)v\\c < KMlt 6 , 
for all0<i<p, for some 0<6 = 9(t,e) < 1 and K = K(p, ||/||o) > 0. 

Proof. In this proof we denote by K\ , K2 , . . . the positive constants de- 
pending only on m and ||£^(/)||c*+ 1 + £ - Again we use induction; the case i = 
follows from the differentiability of the scaling / — > Aj and inequality (8.2.1). 
We have 

U i+1 (f + v)- U i+1 (f) - DU i+1 (f)v = A + B + C 
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where 

A = foUi(f + v)-fo Ui(f) - f o Ui(f) • (Ui(f + v)- Ui(f)) , 
B = fo Ui(f) ■ (Ui(f + v)- Ui{f) - DUi(f)v) , 
C = voUi(f + v)-voUi(f) . 

By Proposition 8.6, 

\\A\\ ct <K 1 \\U i (f + v)-U i (f)\\ 1 c V. 
Using Lemma 8.14, we get 

Pile- <^ 2 |HI^ • 

On the other hand, since v is C t+1+£ / 2 , we know again from Proposition 8.6 
that 

||C||c* < K 3 \\v\\ C t+i+e/2 \\Ui(f + v) - Ui(f)\\ct < i^4||^||c"'+ 1 +-/ 2 ll' i; llc* • 

Since v has bounded C t+1+£ norm, by an interpolation of norms, we have 
||ti|| ct+ i +e /2 < i^ 5 ||t!||^! t for some 9\ > 0. Therefore, taking 6 = min{e,#i} we 
get 

\\C\\c* ^KsMlt 9 . 
This allows the induction as desired. □ 

Property B4 for the operator T is a direct consequence of the following 
lemma. 

Lemma 8.16. For every f G O s+1+e and all v G A s+1+£ with small norm 
such that f + v € O s+1+£ , 

\\T(f + v)- T(f) - DT(f)(v)\\ C s < KMl+J , 

for some < r = t(s,e) < 1 and K(p, > 0. 

Proof. In this proof we denote by K\ , K2 , . . . the positive constants de- 
pending only on m and ||C/j(/)||o. Start, observing that since T(f) = Xj 1 

■u P (f), 

T(f + v)- T(f) - DT(f)v = A + B + C 

where 

A = Xj 1 ■ (U p (f + v)- U p (f) - DU p (f)v) , 
B=(x- f 1 +v -X- 1 -DX-\v))-U p {f + v) , 
C = DXj 1 (v).(U p (f + v)-U p (f)) . 
Applying Lemma 8.15 with t = s we get 

P|| C a =K 1 \\v\\ 1 c t^ , 
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for some < 9± = 6i(s, e) < 1. By Lemma 8.11 there is < 62 = {s} < 1 such 
that 

\\B\\ C s < K 2 \\v\\ 1 ( t e2 . 
By Lemma 8.14, we have \\U p (f + v) — U p (f)\\c° < -K"3 1 1 ^ 1 1 C s and so 

||C|| C . <K 4 \\v\\ 2 c , . 

Therefore, it is enough to take r = min{0i, #2}- □ 

8.4. Checking properties B5 and B6. We now move on to the task of 
proving that the operator T = R N of Theorem 2.4 satisfies properties B5 and 
B6 in the definition of robustness. Unlike the previous ones, the verification 
of these (last) two properties depends upon the geometry of the post-critical 
sets of maps near in A to the limit set K of T. The estimates performed here 
are the most delicate, and involve the results of §5.2. 

Recall that T m is well-defined on an open set O m in the Banach space 
A = An a (see §3), which contains K. We shall denote the renormalization 
intervals A , m jv, A 1<mN , ... , A PtTnN simply by Aj = A itmN (this shortened 
notation should cause no harm, because iV is fixed since Theorem 2.4, and m 
will be fixed in the particular estimates involving these intervals). 

We can write the derivative of T m in the following form 

p— 1 p— 1 

DT m (f)v = A(f) £ Bj(f) ■ Cj(f) + A(f) ■£>(/) J> ° B 3 {f) • E o Cj (f) 

3=0 j=0 

where E is the evaluation map and 

A(f) = (\ f y 1 , B J if) = (fi)'oU p - j (f), 

Cj(f) = v o U p ^(f) , £>(/) = id • (fP)' o U Q (f) - X f ■ U p (f) . 

To carry out our estimates for T m , we shall use the operators Ui : f <— > 
f l o Af (i > 0). Note that Uo(f) = Aj, hence Uq is C 1 in whichever space 
C r (I,I) we work in, because the scaling / 1— ► Af is C 1 by Lemma 8.11. 

First we need some estimates for Ui. It is clear that ||C^(/)||c < 1 always, 
but more is true. 

Lemma 8.17. There exists C > with the following property. For every 
m > 0, there exists an open neigbourhood O m C O m of K such that for all 
f€O m , 

||^-(/)||co<cJ^, 

for all < j < p — 1. Furthermore, \\Ui(fy\\c° < C|Aj|, for all < i < p. 

Proof. Use bounded distortion and the real bounds (see §5.2). □ 
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Lemma 8.18. For all f e O m and all wGA r with small norm, 

\\U i (f + v)-U i (f)\\cr<K\\v\\ C r 

for all < i < p, where K = K(m) > 0. 

Proof. This lemma follows from Lemma 8.14. □ 

Next, we show an essential result to prove that the renormalization oper- 
ator satisfies properties B5 and B6. Here, we use again in a crucial way the 
geometric properties of the postcritical set of / G O m proved in Section 5. 

Proposition 8.19. (i) For every t > 2 which is not an integer there exist 
< [x < 1 and C > with the following property. For every g 6 IK and for 
every m > 0, there is an rj > such that for all f £ O m with \\f — g\\& < rj 
and for all w € A* with ||it>||c« < V> 



.4.1) 



p-i 

(C {f + w)-C U)) 

3=0 



< cyanic* 



(ii) For every fx > 1 dose to one, i/iere is s < 2 close to two and C > 
mf/i £/ie following property: for every g € K and for every m, there is ann > 
smc/i that for all f G O m ||/ — <?||a < ?? and for allw € A* wni/i < ?7> 

i/ie inequality (8.4.1) a&ove is a/so satisfied. 

Proof. Below, the positive constants c±,C2, ■ ■ ■ depend only on t (and the 
real bounds), while the positive constants Kq, K\, K%, ■ ■ ■ may depend also 
on m. 

Let k and < a < 1 be respectively the integer and the fractional part of 
t (when t = k + Lip, take a = 1). We start observing that for each j, 

(8.4.2) 

\\Bj(f) (Cj(f + w)- Cjimy < ||Bi(/)||co||C,-(/ + w)- Cj(f)\\c* 

+K \\B j (f)\\c t \\C j (f + w)-C j (f)\\ c > • 
Note that on the right-hand side of (8.4.2) only the second term carries a 
constant Kq. By Lemma 8.17, there is ci > such that for every integer 
m there is an open neighbourhood O m of K with the property that for each 
/ G O m we have 

(8-4.3) || B . (/ )|| C0 < C1 . 

In that neighborhood, we also have ||-Bj(/)||c7* < K\. By Proposition 8.4 and 
Lemma 8.18, taking < e < 1 such that a — e > 0, we obtain 

(8.4.4) \\Cj(f + w)- Cj(f)\\ c > < \\Cj(f + w)- Cj{f)\\c*-e 

< K 2 \\v\\c* \\U p -j-iU + w) - Ui-j-MWc* 

< -F^3 1 1 ^ 1 1 1 1 1 1 ^7* . 



812 



EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO 



On the other hand, putting together Proposition 8.4 with Lemma 8.17 and 
with Lemma 8.18, we get 

(8.4.5) \\Cj(f + w) - Cj(f)\\ ct <c 2 \\U p - j - 1 (fy\\ t C0 \\v\\ ct 

+ K 4 \\U p - j - 1 (f + w)-U p - j - 1 (f)\\% t \\v\\ c * 

< c 3 |A p _j_i|*||i;||c* -I- -?^5 1 1 ^ 1 1 c^* 1 1 1 1 c* • 

The first term on the last line of (8.4.5) looks a bit dangerous. What saves 
us here is the geometric control on the post-critical set of / (hence on the 
intervals Aj) that we have had at our disposal since §5.2. Substituting (8.4.3), 
(8.4.4) and (8.4.5) in (8.4.2) and adding up the terms with j = 0, . . . ,p — 1 we 
arrive at 

p-i 

A(f)^Bj(f) ( Cj (f + w)-C 3 (f)) 

j=0 



c* 



< C4 < 



1 l^o| ■ W-j-l] 1 . n lie 

Ta~T ^ iai — + K *W w Wv 

l A °lj^ \ A P-j\ 



Mlc* 



But as we have seen in §5.2: 

(i) By Proposition 5.5 and Remark 5.1, if t > 2 there exist < 7 < 1 and 
C > with the following property. For every g G K and every m > 0, 
there exists an r\ > such that for all / <G O m with ||/ — g\\& < 77 we have 



P- 1 ,A |t 



(8.4.6) rP^l ^ c ^ mN 



3=0 



(ii) By Propostion 5.8 and Remark 5.1, for every 7 > 1 close to one, there 
exists t < 2 close to two and C > with the following property. For every 
g G K and every m > 0, there exists i] > such that for all / G O m with 
11/ — 9\\a < V we have that the inequality (8.4.6) above is also satisfied. 

These last estimates end the proof of this proposition, provided \i = j N and 

We arrive at last to the two main results of this section. 

Theorem 8.20. (i) If t > 2 is not an integer, there exist < n < 1 and 
C > with the following property. For every g G K and for every m > 0, there 
is an rj > such that for all f G O m with \\f — g\\& < rj and for all w G A* 
with \\w\\ct < rj, 

(8.4.7) \\DT m (f + w)v - DT m {f)v\\ C t < Cfi m \\v \\ C t . 

(ii) For every fj, > 1 close to one, there exist t < 2 close to 2 and C > 
with the following property. For every g G IK and every m > 0, there exists 
r] > such that for all f G O m with \\f — g\\& < rj and all w G A* with 
\\ w lie < V, the inequality (8.4.7) above is also satisfied. 
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Part (ii) of this theorem with t = s implies property B5 and part (i) is 
used later (for t = r) to prove property B6. 

Proof. In this proof the positive constants K\ , K 2 , ■ ■ ■ depend only on 
r and O m and also on m. Let E : C*(7, I) — ► M be the evaluation map 
E(f) = /(0), which is linear, and let U n : C S (I,I) -► C S (J) be as before. Let 
us write DT m (f + w)v - DT m {f)(v) = E ± + E 2 + E 3 + E 4 + E 5 + E 6 + E 7 , 
where 

p-i 

El = (A(f + w)- A(f)) BjU + «0 • <?;(/ + v>) , 

3=0 

p-i 

E 2 = A(f) J2(Bj(f + w)- BjU)) ■ Cj{f + w) , 
3=0 

p-i 

E 3 = A(f)J2 BjU) ■ (Cj(f + w)- Cj(f)) , 
3=0 

p-i 

E A = (A(f + w)- A(f)) -D(f + w)J2 EoB 3(f + w)-Eo Cj(f + w) , 

3=0 

p-i 

E 5 = A(f) ■ (D(f + w)- £>(/)) £ E o Bj(f + w) ■ E o C 3 (f + w) , 

3=0 

p-i 

E 6 = A(f) ■ D(f) J2(E o B 3 (f + w)-(Eo Bj(f)) -EoCjtf + w), 
3=0 
P-i 

E? = A(f) ■ D(f) E o Bj(f) ■ (E o Cj(f + w) — E o C 3 (f)) . 
3=0 

By Lemma 8.11, 

(8.4.8) \A(f + w)-A(f)\ = \\ f+w - 1 -X f - 1 \ ct <K 1 \\w\\ ct . 
Hence, 

Il-E'illc < -^HHIc IMIc* and [ | -E4 [ | o* < -K3IIHIC' IMIc* • 
By Proposition 8.6 and Lemma 8.18, we obtain 

(8.4.9) \\Bj(f + w)- BjWWc* < K4U p -j(f + w) - U^fiWc* 

<i^5||^||c* • 

Since E is a bounded linear operator, from the last inequality, we obtain 

He < -f£"6 1 1 ^ 1 1 c* IMIc" and H-E^Hc" < K 7 \\w\\ct \\v\\c* ■ 
Taking j = p in (8.4.9), we get 

\\B p (f + w)-B p (f)\\ ct <K a \\w\\ c * ■ 
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By Lemma 8.18 and by (8.4.8), we get 

\\^f+w • U p (f + w)-\f U p (f)\\ct < K 9 \\w\\c* • 

Combining the last two inequalities, we get ||^5||c* < -KiollHIc* IMIc • 

Let k and < a < 1 be the integer and the fractional part of t, and let 
< e < 1 be such that a — e > 0. From inequality (8.4.4), and since E is a 
bounded linear operator, we get 

\E{Cj{f + w))-E(Cj{f))\ <ifiiHlc<Nb • 

Thus, H-EVlIc* < -f^lMIc* IMIc • The only thing left to do is to bound 1 1 £"3 ||c*, 
and this follows at once from Proposition 8.19. □ 

Theorem 8.21. If r > 2 is not an integer, there exist < \i < 1 and 
C > with the following property. For every g G K and for every m > 0, there 
is an r] > such that for all f € O m mi/i ||/ — <?||a < r) and for all v € A r with 
\\v\\c < V, 

(8.4.10) \\T m {f + v)- T m {f) - DT m (f)v\\ C r < . 

This theorem together with Theorem 8.20 (i) for t = r imply that the 
renormalization operator satisfies property B6. 

Proof. In this proof the constants 6, 0\, 62, ■ ■ ■ are greater than zero and 
smaller than one and just depend upon r. The positive constants c, c±, C2, . . . 
depend only on r and O m , and the positive constants K, K±, K2, ■ ■ ■ depend 
also on m. Start by observing that since T m (f) = Xj 1 ■ U p (f), we have 
T m (f + v)- T m (f) - DT m (f)v = A + B + C, where 

A = Xj 1 ■ (U p (f + v)- U p {f) - DUp(f)v) , 
B=(x- f 1 +v -X- f l -DX- f 1 (v))-U p {f + v) , 
C = DXj 1 (v)-(Up(f + v)-Up(f)) . 
By Lemma 8.11, we have that / — ► Xj 1 is C 1 and that there is 9\ such that 

||-B||c<- < K\ \v ■ Since \\U p (f + v) — ?7p(/)||c r £ ^2|| w ||c r ) we have also 
||C||cr < i^3||u||^, r . Hence inequality (8.4.10) will be established if we prove 
the following claim. 

Claim. If r > 2 there exist < [i < 1 and c\ > with the following 
property: for every g G IK and for every m, there is an 77 > such that for all 
f £ O m with ||/ — <7||a < rj and for all v G A r with \\v\\c- < rj we have 

(8.4.11) \\U p (f + v)- Up(f) - DU p (f)v\\ C r < c W m \X f \\\v\\ C r . 

To prove this claim, we will proceed recursively. Let us write for i = 
0, ...,p, 

Ri = U i (f + v)-U i (f)-DU i (f)v . 
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Note that R i+1 =Ei + Fi + f'o Ui(f) ■ R4, where 

Ei = foUi(f + v)-fo Ui(f) - f o Ui(f) ■ (Ui(f + v)- Ut(f)) , 
Fi = voUi(f + v)-voUi(f) . 

Thus, working recursively from these expressions, we get 

p-i 

Rp = Ro • G p + y~](-Ej • G p _j_i + Fj • G p _i_i) , 



where G p _i_i = (/p-*-*)' o and R 

f G O m , by Proposition 8.6 and Lemma 8.18, we get 



Af +V — Af — DAf(v). Since 



^(/)ll^ 2 



for 8 2 = 1 - {r}. Therefore, ^Xq 1 



-1 



8.11, there is 3 such that \\Rq\\c- < K 7 \\v\ 



I 1+03 



1 + 6*3 



< K 6 \\v\\£ *. By Lemma 
Hence, ||i?o ■ G p \\c < 



Finally, by Proposition 8.19, there exists 64 > such that 



i=0 



< K4v\\)+ 6i + c 2 ix m \\ f \\\v\\ C r 



C r 



□ 



This proves our original claim. 

8.5. Proof of Theorem 8.1. All the pieces of the puzzle may now be 
put together. We want to check the robustness of T relative to the spaces 
A = A, B = A r , C = A 8 and V = A . By Theorem 5.1, the pair (AT, A ) 
is p 7 -compatible with (T, K) and p 7 < A for 7 sufficiently close to 2 and is 
1-compatible for 7 > 2. Hence property Bl is satisfied because s > sq with 
so < 2 close to 2 and r > s + 1 > 2. Since r > s + 1, we know from Lemma 8.12 
that T satisfies property B2. It also satisfies property B3 by Lemma 8.13, and 
property B4 by Lemma 8.16. Finally, T satisfies property B5 by Theorem 8.20, 
and property B6 by Theorem 8.21. Therefore the renormalization operator T 
is indeed robust with respect to (A r ,A , A ). 

8.6. Proof of the hyperbolic picture. Having established that the renor- 
malization operator T is robust, we are now ready to show that the hyperbolic 
picture holds true for T acting on each of the spaces U r and V r . 

8.6.1. Proof of Theorem 2.5. We divide the proof of Theorem 2.5 into two 
cases: (i) r is not an integer (including the Lipschitz case r = k + Lip), and 
(ii) r = k is an integer. 

Proof of case (i). Putting together Theorem 6.1 with Theorem 8.1 we 
deduce all the assertions of Theorem 2.5 except the fact that the holonomies 
are C l+ @ for some (3 > 0. This last fact follows if we combine Theorem 7.1 
with Example 7.1. 
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Proof of case (ii). To prove this case, let us consider the Banach space 

A fc ~ 1+Lip . Note that the natural inclusion i : A k — > A fc ~ 1+Lip is an isometric 

embedding. Indeed, for all v G A fc we have ||v||o = \\ v \\b, by the mean-value 

theorem. Applying case (i) to A fe ~ 1+Lip , we see that for every g G IK the 

local stable set We' k ~ 1+Lip (g) is a codimension-one C 1 Banach submanifold of 
A fc-i+Li P> In factj there exigtg a c i function $ . q q _^ R> where q q c A fc ~ 1+Li P 

is an open set containing g, such that G E is a regular value for <£, with 

$-!(0) = o nw°' k - 1+Lip (g) 

and such that D<S>(g)u g ^ 0. Let X = ^{Oq) C A fc . Then Ox is open and 
$ o i : d -» R is C 1 . Since u 9 G A fe and Z?($ o i)(g)u g = D<Z>(g)u g ^ 0, it 
follows that G E is a regular value for <J>oj at Hence, by the implicit 
function theorem, 

Oi n ^ e s ' fe ( 5 ) = d n VF" £ s ' fc " 1+Lip ( 5 ) = Oi n ($ o i)-\o) , 

is a C 1 , codimension-one Banach submanifold of A fe . Since by case (i) the 
local stable manifolds in A fc ~ 1+Lip form a continuous lamination, we deduce 
that the same is true for the local stable manifolds in A fc , because i is an 
isometric embedding. Finally, if F is a C 2 ordered transversal (in the sense of 
§7) to the stable lamination in U fc , then % o F is a C 2 ordered transversal to 
the stable lamination in A fc ~ 1+Lip , and therefore by case (i) its holonomy in 
Ijfc-i+Lip is C 1+e for some > 0. But then it follows that the holonomy of the 
transversal F in U fc is C 1+e also. 

8.6.2. Proof of Corollary 2.6. A similar argument to the one used in the 
proof of Theorem 2.5 can be used here. The map i is replaced throughout by 
the inclusion j : B r — > A r , which is a bounded linear operator (see §2.1). Hence 
the pre-images by j of the local stable leaves in U r are C 1 manifolds and form 
a C° lamination in V r . Using [24] (see Remark 9.1 below), we see that the 
leaves of such a lamination contain the local stable sets of each g G IK in V r . 

9. Global stable manifolds and one-parameter families 

In this section, we prove Theorem 2.7. The first part will follow from 
Theorem 9.1 and the second part will follow from Theorem 9.2. 

9.1. The global stable manifolds of renormalization. In this section we 
construct the global stable manifolds of the renormalization operator T in V r , 
for all r sufficiently large. 

Let g be an element of the (bounded-type) invariant set K of T. Recall 
that the global stable set W s ' r (g) of g G V r is given by 

W s > r (g) = {/ G V r : \\T n (f) - T n {g)\\ C r - when n - oo} . 
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From Corollary 2.6, we know that the convergence is exponential, and the 
exponential rate of convergence is independent of / and g, provided r > 2 + a 
with < a < 1 close to one. 

Theorem 9.1. For every r > 3 + a with a < 1 sufficiently close to 1, and 
every g G K, the global stable set W s,r {g) is an immersed, codimension one C 1 
Banach submanifold ofY r . 

Remark 9.1. By [24] , if the invariant set K of the renormalization operator 
is of bounded type then for every r > 3 and every jGKwe have that W s ' r (g) 
coincides with the set of all maps / G V with the same combinatorial type 
of g. 

Proof. We already know that the local stable sets are C 1 submanifolds. 
The idea is to pull-back such a manifold structure by T using the implicit 
function theorem. More precisely, by Corollary 2.6 there exist e, j3 > so small 
that Ws^-^ig) is a codimension one C 1 Banach submanifold of V r 1 13 , for 
all g G K. We may assume that e > is so small that the vector u g is 
transversal to the local stable set W £ s,r ~ 1 ~^ (g) at each one of its points. 

Now fix 9 £l and let / G W s > r (g). There exists TV = N(f) > so large 

that 

T N (f) G Wt r (T N (g)) C W:> r - l -P(T N (g)) . 

Since v = u T «( 9 ) is transversal at T N (f) to We ' r ~ 1 ~ 13 (T N (g)), There exist a 
small open set O C V r ~ 1-/3 containing T N (f) and a C 1 function : O — > M 
such that ^-^O) = M / e s,r_1 ~ /3 (T Ar (5)) C O for which £ I is a regular 
value and DQ(T N (f))v ^ 0. The operator T N is C 1 as a map from V r into 
Y*'- 1 - 13 . Let Oi C V r be an open set containing / such that T N (Oi) C O . 
We want to show that G M. is a regular value for o T N : Oi — > R. Defining 
= T N (f ) + tv (for |t| small), we get a C 1 family {i 7 !} of maps in V r which is 
transversal to W £ s,r ~ 1 ~ /3 (T N (g)) at F = T N (f). Now, we have the following 
claim. 

Claim. There exists a C 1 family {f t } with f t G V r such that for all small 
t we have T N {f t ) = F t . 

Let us assume this claim for a moment. Setting 

d 

w = — ft , 
dt t=0 

we obtain that 

£>($ o T N )(f)w = D<S>(F )v ^ . 

Therefore, $ o T N is a C 1 local submersion at /. By the implicit function 
theorem (3> o T Ar ) _1 (0) is a codimension one, C 1 Banach submanifold of ©i 
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(or V r ). Furthermore, if h G (* o T N )- 1 (0) then T N (h) G W £ s ' r ~ 1 ~ (S (T N (g)), 
and so h belongs to the global stable set W s,r ~ 1 ~ /3 (g). Using [24] (see Remark 
9.1), we deduce that h belongs in fact to W s ' r {g). This proves that W s ' r (g) is 
an immersed C 1 manifold as asserted. 

It remains to prove the claim. We first note that Ft = ht o Fq where each 
h t G C r (I,I) is a C r diffeomorphism of I = [-1, 1]. Since T^(/) = F , there 
exist p > and closed, pairwise disjoint intervals G Ao, Ai, . . . , A p _i C / 
with /(Aj) C Aj + i for < i < p — 1 and /(A p _i) C Ao, such that 

F = T N (f)=Aj 1 ofPoA f , 

where Aj : / — > Ao is the map x i-> f p (0)x. Let ^ : Ao — > Ao be the C r 
diffeomorphism given by ht = Af o ht o Aj 1 . Consider a C r extension of ht to 
a diffeomorphism H t : I —> I with the property that H t \Ai is the identity for 
all i + 0. Then let f t G V r be the map f t = H t o f. Note that //(0) = /*(0) 
for all < i < p, that ft is iV-times renormalizable (under T) and that 

T Ar (/,)=A7 1 o/foA / 

= Aj 1 o (fl" t o /) | Ap _ i o (H t o /) I Ap _ 2 o • ■ ■ o (H t o /) | Ao o A/ 

= Aj 1 oh t of p oAf = Aj 1 o Af oh t o (aj 1 o f p o Af^j 

= h t oF = F t , 

which proves the claim. □ 

9.2. One-parameter families. A one-parameter family of maps is a map 
ip : [0, 1] x I — > I (where / = [—1, 1] is the phase space) such that ipt = VK^ ') 
belongs to V r for all t G [0, 1]. If if) is a C k map, then we say that if) is a C k 
family (of C r unimodal maps). We often identify the family if) with the curve 
{V^}o<t<i of unimodal maps in V r . We shall denote by UT k the space of all 
C k families with the C k topology {UT k is a subset of C fe ([0, 1] x /)). 

We say that two families are C 1+ equivalent if there exists a diffeomor- 
phism from one into the other which sends each infinitely renormalizable map 
(with a fixed bounded combinatorial type) to a map with the same combina- 
torics. We are now in a position to state the result we have in mind. 

Theorem 9.2. Let r > 3 + a with a > close to 1, and let 2 < k < r. 
There exists an open and dense subset O C UT k of one-parameter C k families 
of C r unimodal maps having the following properties: 

(i) Every family if) G O intersects the global stable lamination C s of renor- 
malization transver sally. 

(ii) For every if) G O, there exist = to < t± < ■ ■ ■ < t n = 1 such that for each 
i = 0, 1, . . . , n — 1 the sub-arc {ipt : U < t < ij+i} is C 1+/3 diffeomorphic, 
via a holonomy-preserving diffeomorphism, to a corresponding sub- arc in 
the quadratic family. Here (5 > is as given in Corollary 2.6. 
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The proof will require a few lemmas. The first lemma says that every C k 
family can be approximated (in the C k sense) by a real analytic family. 

Lemma 9.3. If ip G UT k , then for each e > there exists a real analytic 
family f G U!F U such that — f\\c k ([o,i]xl) < £ - 

Proof. Write each ipt G V r as ht ° q, where q(x) = x 2 and h% is a diffeo- 
morphism, and consider the C k map h : [0, 1] x / — > I given by h(t, x) = h t (x), 
a C k family of C r diffeomorphisms. To approximate h by a real analytic 
family of diffeomorphisms, consider the convolution of h with the heat kernel 
k(t,x,e) = e~C +x )/ 4e for e > sufficiently small (see [1]). □ 

Given this "denseness" result, the idea will be to show that arbitrarily close 
to an / as in Lemma 9.3 we can find a C k family which is also transversal to the 
global stable lamination C s of renormalization, by some kind of perturbation 
argument, to eliminate possible tangencies between {ft} and C s . 

We will reduce our problem to the following general result about lamina- 
tions with complex analytic leaves, whose elegant proof is due to Douady. 

Lemma 9.4. Let C C C 2 be a C° lamination whose leaves are complex 
one-manifolds, and let F : D — > C be a holomorphic function whose graph is 
tangent of finite order at (0, F(0)) to a leaf Lq G C. Then the tangency is 
isolated: there exists a neighborhood of (0,F(0)) in C 2 on which every other 
intersection of the graph of F with the leaves of C is a transversal intersection. 

Proof. Using a suitable chart, we may assume that the leaf Lq is the 
horizontal plane w = in C 2 , and that the other leaves of C in that chart are 
the graphs of holomorphic functions (p^ : D — > C (with y?^(0) = fi G D, where 
D C C is some open disk around zero, and c^o = 0). 

Since C is a C° lamination, ip^ converges to uniformly in D as fi tends 
to 0. Hence, for \fi\ small enough, we have c ^- Moreover, (p^(z) / 

for all z € B (leaves cannot intersect), so in fact </^(D) C D*. 

Now, we have F(0) = F'(0) = • • • = F( fc-1 )(0) = + F^ k \0), for some 
k > 2. Composing the chart with a bi-holomorphic map if necessary, we may 
therefore assume that F(z) = z k . 

Let us fix fj, € D \ {0} and suppose that zq G D is such that <fn(zo) = 
F{zq). We assume that \zq\ < 1/2 (taking small enough). To show that 
this intersection between ip^ and F is transversal, it suffices to show that 
f'u.{ z o) / F'(zq). But, by Schwarz's Lemma, the derivative ^^(^o) measured 
with respect to the Poincare metrics of domain D and range D* must be less 
than or equal to 1, that is to say 

, „ |*>;,m(i-n 2 ) 

|y*»(«o)l log {\<P»{ z o)\ ) 
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Thus, 

KM < ^k\z \ k log (\zo\~ 1 ) . 

On the other hand, 

\F'(z )\ =k\z \ k - 1 . 

This shows that |<£>^(zo)[ / l-^'O^o)! converges to as fi tends to 0, whence 
<p'n(zo) / F'(zo) for all sufficiently small |/x|. Therefore (0, F(0)) is an isolated 
tangency as claimed. □ 

We may now state and prove the result on laminations with real analytic 
leaves which is needed for the proof of Theorem 9.2. 

Lemma 9.5. Let T C [a, b] x R be a C° foliation whose leaves are the 
graphs of real analytic functions (p^ : [a, b] — > R with, say, (p^(a) =/i£ [0,1]. 
Let £ C T be a sub-lamination which is transversally totally disconnected (i.e. 
Kq = {/i£ [0,1] : gr(cfn) C £} is a totally disconnected set). If F : [a,b] — > R 
is a real analytic function whose graph is not a leaf, then 

(i) gr(-F) is tangent to J- at only finitely many points; 

(ii) for all e > and all k > 0, i/iere exists a real analytic G : [a, b] — ► R sttc/i 
f/iai ||F — G||c* < e and all tangencies of gr(G) wi/i ^ belong to !F\£; 
in particular, gr(G) is transversal to £. 

Proof, (i) Complexifying T (i.e. the leaves f^) as well as F , we put 
ourselves in the situation of Lemma 9.4. All tangencies are therefore isolated, 
and since [a, b] is compact, there are only finitely many such, say at x-i € [a, b], 
i = 1,2,..., n. 

(ii) Let di be the order of tangency of F with T at (xi,F(xi)). Then for 
every real analytic G sufficiently close to F in the C k topology with k large (k > 
Y17=i di W1U do), the number n(G) of tangencies of gr(G) with T - not counting 
multiplicies - is bounded by Y17=i^i- Hence we can find Go : [a, b] — > R real 
analytic with \\F — Go||c fc < e /2 such that n(Go) is maximal. All tangencies of 
Go with T must be first-order tangencies (di = 1). Indeed, if, say, d\ > 1, then 
adding a suitable polynomial with small C k norm to Go, vanishing of very high 
order at X2,x-$, . . . ,x n rQ \, we could unfold the tangency at x\ to produce a 
new real analytic G with n(G) > n(G$). Now we may consider Gt : [a, b] — > R 
given by Gt(x) = Gq(x) + t for \t\ < e/2. Since first-order tangencies are 
persistent, each tangency (xj,Go(xj)) of Go with T generates a continuous, 
nonconstant path (xi(t),Gt(xi(t))) G gr(v Mi (t)) of (first-order) tangencies of 
Gt with J 7 . Each function t *— > Hi(t), i = 1,2,... , n(Go), is continuous and 
nonconstant. Since ifo is totally disconnected, there exists t (with |t| < e/2) 
such that ^i(i) G [0, 1] \ Kq for all i. Therefore, all tangencies of Gt with J 7 
fall in T \ £, whence Gt is transversal to £. □ 
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Proof of Theorem 9.2. Both properties (i) and (ii) are easily seen to be 
open, hence we concentrate on proving that they are dense. Let e > 0. 

Take any family ip G UT k . By Lemma 9.3, there exists a real analytic 
family / G UT^ whose C k distance from ip is less than e/2. The corresponding 
curve {ft} in Y r may fail to be transversal to the global stable lamination C s , so 
let us show how to perturb it locally to get a transversal family. Let to G [0, 1] 
be such that ft G C s (and {ft} is tangent to C s at ft ). Since ft is infinitely 
renormalizable and real analytic, there exists N > such that R N (ft ) G A^ a 
(where a > is the constant in Theorem 2.4). Let J C [0, 1] be an interval 
containing to such that R N (ft) is well-defined and belongs to A^ a for all t G J. 
We restrict our attention to the sub-family {ftiteJ from now on. 

First we embed {ft}t£j in a two-parameter family in the following way. 
Note that each ft belongs to Aq q for some (fixed) a > 0. As a map from (an 
open subset of) An Q into An a , R N is a real analytic operator. 

Claim. There exist analytic vectors v G Aq q and w G Aq o the 
property that DR N (f to )v = w and w is transversal to C s a = C s fl A^ a at 

i? Ar (/ t0 )e^. 

To see this, take any wq G A^ a transversal to the (co-dimension one) 
lamination C s a at R N (ft ). The same construction used in the proof of Theorem 
9.1 yields a C°° vector vq at /t such that DR N (f to )vo = wq. Now approximate 
vo by an analytic vector v G Aq q (in the C m sense for m > r). Then w = 
DR N (fo)v will still be transversal to C s a . Shrinking J if necessary, we may 
in fact assume that DR N (f t )v is transversal to C s a for all t G J. Hence, we 
consider the two-parameter family of maps ft, s & Aq q given by ft, s = ft + sv 
with t G J and |s| < 5 with 5 small. Now, 

W = {f t , s : t G J, s G [-5, 5]} = J x [-<5, 5] C M 2 , 

and R N \W : W — > ^4n a is an injective, real analytic map. Recall now that in 
Afi a we have a C° foliation J 7 with real analytic leaves (coming from hybrid 
classes, cf. §3) and that C s a C J 7 is the sub-lamination corresponding to the 
stable leaves of renormalization, which is transversally totally disconnected. 
Taking T w = R~ N (J r ) C W and C s w = R~ N (C s a ) C VF and noting that 
DR N (f t ^)v = w is transversal to for all t G J, s G [—5, <5] (making 5 smaller 
if necessary) we deduce that Tw is a C° foliation (in W) by real analytic curves, 
and C w C is a sub-lamination. Therefore we can apply Lemma 9.5 to this 
situation (with T = Tw and C = £ w ), obtaining a new analytic curve {gt}teJ 
with \\f t — gt\\c k < transversal to C s w in VF, and such that {R N (gt)} is 
transversal to C s a at R N (gt ). Since by Corollary 2.6 the holonomy of C s a is 
C 1+ p for some /3 > (and the quadratic family is transversal to we deduce 
that {gt} satisfies properties (a) and (b) of the statement. This completes the 
proof. □ 
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10. A short list of symbols 

For the reader's convenience, we present below a short list of symbols used 
in this paper. 



V 


Period of renormalization 


A/ 


Scaling factor A/ = / p (0) 


A/ 


Linear scaling A/ : x — ► / p (0) • x 


R 


Renormalization operator i?^/ = Aj 1 o/^oAj 


K 


1JULL11U.CU. LjJJu 111111 1 DtL Ul XT 


Pk 


IN LllllUCl CI 1 CllUl LlLcxliZidbbl^JLL lllLCl Vdlo dli ItVCl fv 


^jMJ ) 


Kpn r~»T*Tn q li v q "i" l r~in l ttI" t^Tim g q "i - 1 tn tc^ 1 (11 <^ i <Z ti , 1 i 

XVCilUI lIldllzjcxLUJIl lllljCl Velio dlj 1c Vcl fx I U \ J \ X J 




± KJO l"U 1 LH^Cll oCIj tJl / 


A v 


Rf^al r%fmfir , n cnarp of r'nTifninnii c. in o "P» q i/ ^ (1 

J.\,t>CXl -UCl'llCl'LIl □UClt'V Ul HJ11L111LHJ Llo lllCllJD r * • « 

holomorphic in V, symmetric about real axis 


T — R N ■ O — > An 


Real analytic operator for which 
IK C O is a hyperbolic basic set 


Uj,(t) 


Parametrization of local unstable manifold W™(g) 




Unit vector tangent to W^(g) at g 




Unique real number such that DT(g)u g = 5 g u T ^ 


°g 


The product SgSxfg) ■ ■ ■ ^T n - 1 (g) 


L f = DT(f) 


Derivative of T at / 


Y r 


C r unimodal maps with quadratic critical point at 


A r 


Tangent space to unimodal maps contained in V r 
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